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1. Introduction  
 

During the last decade many advancements in the fields of industrial and service robotics 
have produced robots that are well integrated inside the industry; they can operate faster 
and with higher precision in comparison to human beings. Nevertheless if we take a look at 
the kinematic structure of these systems, it is clear that the actual machines are limited in the 
mobility and in the number of tasks that they can perform. 
This is more evident if we intend to apply those robots in an unstructured environment like 
home. First at all the robot should be able to move around avoiding obstacles, climbing 
stairs, opening doors. These movements should also be performed with a certain level of 
compliance for the safety of the human beings that are in the environment. Secondly, the 
robots should be able to use tools and other machines designed for human use, and based of 
the human manipulation and kinematic abilities. 
A possible solution for mobility, that is well applied in mobile robotics, is the choice of a 
wheeled traction system. This usually is a simple manner to move on flat floors, and is 
efficient from the energetic point of view (during the movement the center of mass acts on a 
straight line). However it presents important limitations, for example it is not possible for 
such a robot to overcome obstacles bigger than the wheels dimensions. 
Those limitations can be overcome if the robot is equipped with legs, that normally act by 
increasing the robot's DOF(Degrees of Freedom). Many studies were conducted on legged 
robot in order to improve the efficiency and stability during walking. 
A pioneering contribution was done (Takanishi et al, 2004) at the laboratories of Waseda 
University (Tokyo). Several other modern robots are designed to walk and behave like 
humans (Hashimoto et al, 2002)( 3) but until now the efficiency of the human gait is still far 
from being reached. In this sense, the work of McGeer (McGeer, 1990) can be considered 
exemplar. His passive dynamic walker made a stable gait without close position control, 
considering the walking motion as a natural oscillation of a double pendulum; and this is 
actually how humans seem to walk (Gottlieb et al, 1996) (Kiriazov, 1991). His results 
inspired many other works, such as the stability analysis (Garcia et al, 1998) and the physical 
implementation ( Wisse et al, 2001) (Kuo, 1999)(Collins et al, 2001)   of several prototypes.  
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In this paper we present LARP (Light Adaptive-Reactive biPed), our humanoid legged system, 
with the aim to explain how the mechanical design makes the robot able to adapt to the real 
operating environment. Our aim was to create a system that could represent a good model 
of human lower limbs, in order to understand how the natural walking motion is achieved 
and how it can be implemented in a humanoid robot. For this reason, we adopted 
anthropomorphic feet, knees and a mass-distribution similar to the human limbs. 
According to (McGeer, 1990)} we designed an actuation system that can take advantage of 
the natural dynamics of the link. In addition, studying the results we got from our controller 
we found several similarities with the assumptions of the Equilibrium Point Theory. This is 
a widely debated theory, formulated in 1965 by A. Feldman (Asatryan, 1965) (Asatryan and 
Feldman, 1966 a) (Asatryan and Feldman, 1966 b) and still in evolution. This theory 
proposes that the segmental reflexes, together with the muscle-skeletal system, behave like a 
spring. Movement is achieved just by moving the equilibrium position of that spring (Latash 
and  Gottlieb, 1991) (McIntyre and Bizzi, 1993) (Gottlieb et al, 1989) and this is actually how 
our actuator, provided with visco-elastic elements  ( Scarfogliero et al, 2004 a) performs the 
movement. 
In the following Sections we concentrate our attention on the robot design and architecture, 
with particular emphasis on the knee, which presents several similarities to the human 
articulation, and the foot, developed with two passive degrees of freedom. Then we 
illustrate the spring-damper actuators and joint controller. We present the robot simulator 
and the results obtained in computing the energy consumption of LARP. Finally we shortly 
describe the controller for the gait. The last section outlines the conclusions we can draw 
from our work and proposes future developments. 

2. The mechanical architecture 

The LARP project started in 2003 in the Artificial Intelligence and Robotics Lab of DEI, at 
Politecnico di Milano. It soon provided a 3D model developed in ADAMS and a prototype, 
as shown in Figure 1. LARP has twelve active degrees of freedom plus two passive degrees 
for each leg; it is ninety cm tall and weights less than five kg. It is entirely made by pieces 
cut out from a polycarbonate sheet with the laser cutting technology; this material has a 
good strength-weigh ratio, and can be widely deformed before breaking. 
 

                     

Fig. 1. The LARP robot. (a) the ADAMS model, (b) the mechanical prototype with some 
actuators installed. 
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Figure 2 shows the organization of the twelve degrees of freedom in the robot. The range of 
motion of each joint is similar to that of humans during normal walking. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The organization of the twelve degrees of freedom in LARP. 

 
Each foot has two passive degrees of freedom to ensure a reliable base during the whole 
stance phase. Joint torques are provided by servo motors located in the upper part of the 
robot. The transmission is performed by a simple system of cables and levers. The servo 
motors are equipped with a spring and a damper to permit the control of joint stiffness. 
The mechanical design of LARP focused on role and function of knee and foot. 
Regarding the knee functions, the most obvious is lifting the shank for the foot clearance. In 
practice, if that was the only purpose of that joint, an hip articulation could make the job. 
Using stiff legs could actually simplify the motion and the robot structure (examples of this 
kind of robots go back to the simple Fallis's toy (Fallis, 1888) to the various 3D biped robots 
of MIT LegLab. In practice, however, the knee has several important functions in the 
walking dynamics, that suggest the introduction of the knee articulation. 
Also the foot has important consequences on the dynamics of the step, and deserves more 
investigations. Usually legged robots have simple flat feet, or no feet al all; the foot in biped 
instead is flexible and accounts for important roles. 

 
3. The design of an anthropomorphic knee 
 

3.1 The importance of the knee in bipeds  
It is well known that it is possible to walk with stiff legs, however it is also known that knee 
articulation is fundamental for the gait stability and energy efficiency. The story of artificial 
bipeds is plenty of simple prototypes walking without anthropomorphic knees. The 
importance of knee actuation became more clear when considering the gait efficiency. In 
1990 Tad McGeer published "Passive Dynamic Walking" (PDW), where he demonstrated 
how it is possible to exploit the mass distribution of the robot to make it walk on a shallow 
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slope without actuation (McGeer, 1990). The prototype was exploiting the gravity force to 
swing the leg forward, exactly as a double pendulum would do. The only power needed 
was the one necessary to shorten the leg in order to create foot clearance during the 
swinging motion. Today, several passive dynamic walkers have been developed, but in 
order to have a fully-passive walker, it became necessary to add knee joints (McGeer, 
1990)(Wisse et al, 2002). As a matter of facts, this joint empowers the swinging motion due 
to gravity, and with the right mass distribution, it is possible to perform a fully-passive 
pace. 
 

 
Fig. 3. With the right mass distribution of the robot it is possible to make it walk on a 
shallow slope without actuation, as demonstrated by Passive Dynamic Walkers 

 
Apart from PDW, the knee is fundamental to ensure energetic efficiency. Let's consider a 
robot with straight legs. In this case the foot clearance would have to be created by an 
additional pelvic tilt. This means a reduced step length and a bigger energy consumption, as 
the pelvis is the heaviest part of the body while knee stretching just lift the foot. This has a 
big influence on walking efficiency (Koopman et al, 2001) Another effect of straight legs 
would be that, during the step, the double support time is decreased, on behalf of the single 
support time. As the former is the most stable position during the step, the straight leg 
walking is more critical from the stability point of view. So knee-walking needs less energy 
to ensure gait stability. 
The knee is important also during the stance phase, while the supporting leg remains 
straight. In this case, while the swinging leg moves forward, the knee of the stance leg has to 
counteract the inertial load generated by gait motion, as shown in Figure 4. In this case the 
knee can be exploited to store energy, acting as a spring. This energy can be used to pull the 
hip forward, increasing the step length and the foot clearance. Using a force control to 
actuate the knee, as we discussed in (Scarfogliero et al, 2004 b) it is possible to store energy, 
exploiting in this way the natural dynamics of the walking motion. The same happens in 
humans: during the stance phase, the knee bends a bit, storing energy as a spring would do. 
This energy is then released to empower the hip forward motion, with a relevant increase in 
the step length and foot clearance. The result is that the gait performs, with the same energy 
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consumption, a more stable walk. This behavior was also underlined by simulations on a 
PDW, the robot Mike, of the Delft University of Technology (Wisse et al, 2002). 
 

 
Fig. 4. During walking, the knee of the stance leg has to counteract the inertial loads due to 
the swinging motion. 

 
3.2 The design of the knee joint  
 

Regarding the knee structure the most obvious and more adopted solution in robotics is a 
simple pin joint. Usually the motor is applied directly to the joint, but there are also some 
examples where, for mass-distribution reasons, the motor is placed in the upper part of the 
robot (Pratt et al, 2001). 
Looking at the prosthesis field, we find a completely different approach. Here the knee 
reveals its crucial importance, not only related to the prosthetic issues, but also for the 
walking motion. Passive prosthesis have to perform the knee bending using inertial torque 
generated by the forward acceleration of the thigh, in a similar manner as in passive 
dynamic walking. In addition, for obvious safety reasons, during the stance phase the knee 
has to be locked. 
Today, prosthetic knees are build using multi-axial mechanisms. The characteristic of these 
mechanisms is that during the motion, the center of rotation cr is not fixed, as in a pin joint, 
but moves along a trajectory that depends on the mechanism structure. As the stability of 
the knee during the stance phase strongly depends on the  position of cr, varying the 
mechanism proportions, it is possible to have different cr trajectories with different stability 
properties, as illustrated in Figure 5. 
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Fig. 5. Scheme of a four-axial mechanism for a prosthetic knee. The dotted line represents 
the path followed by the centre of rotation cr. The big dot represents the cr when the knee is 
extended. Placing this point more backward, results in a more stable stance phase 

 
For LARP we designed a special joint based on the human articulation. If we sketch the 
human knee from an engineering point of view, we would define it as an hybrid juncture, 
similar to a compliant joint but with rolling surfaces. This structure is very close to the 
compliant rolling-contact joint designed by (Jeanneau et al, 2004) and illustrated in Fig. 6.  
 

 
Fig. 6. The compliant rolling-contact joint designed by Herder. Reprinted with permission 
from J. Herder (Jeanneau et al, 2004) 

 
Our joint is composed by two circular surfaces rolling on each other. Flexible bands 
constrain the joint, leaving only one degree of freedom, i.e. the rotation along the joint axis. 
During the motion, the tendons wrap on a surface or on the other, letting the joint rotate 
without scratch. This significantly reduces friction. 
Critical in this kind of joint are the torsional stiffness and the rigidity against external forces. 
This issue is fundamental for the biped robots, where the knee is subject to high torsional 
and flexional disturbances. To solve this aspect, we strengthened the joint, designing the 
articulation shown in Fig. 7. Instead of flexible bands, we used three Coramide strings that 
can all be independently fastened. This makes the articulation more firm as well as allows a 
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fine joint calibration. In addition, we added two springs, which increase the contact force 
between the circular surfaces. Connecting the spring ends at the center of curvature of the 
two profiles, results in a constant spring-length - equal to two times the radius of the profile. 
In this case no torque interferes with the joint rotation. Anyhow, it is possible to arrange the 
springs in a way that they force the joint to rotate to a particular equilibrium position. 
 

 
Fig. 7.  The knee joint designed for our robot. The arrows show the way the tendons are 
wrapped. 

 
In the knee we arranged the springs as shown in Fig. 8, so that during the rotation, the 

spring length has a maximum for a given θ (where θ is the angle that the shank forms with 

the vertical). In Fig. 8,  γ represents the angle between the shank axis and the force direction. 

When γ is zero, the springs torque is zero too. This permits to find one equilibrium position, 
in particular, an instable equilibrium position, as the spring is at its maximum extension. 

Attaching the spring forward, with ψ <0, we can both help knee bending during leg 
swinging and knee stretching at the end of the step. 
 

 
Fig. 8. We can exploit the action of the springs to impose a suited torque on the joint. In 
particular, it is possible to generate the two positions of instable equilibrium to favour knee 
bending and knee stretching. 
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Adopting this kind of joint for the knee articulation has several advantages with respect to a 
pin joint. The first consideration is about energy efficiency. A reduced friction at the knee 
not only reduces knee actuation, but can influence the whole gait. As pointed out in the 
previous paragraph, using elastic actuators or even a passive knee, the leg can be bent 
exploiting inertial forces due to hip actuation. In this sense, efficient knee joint is 
fundamental not to demand higher hip torque. Another aspect that strongly characterizes 
this compliant joint is that the center of rotation cr is not fixed, as in a pin joint, but moves 
upward and backward during the rotation, as illustrated in Fig. 9. 
 

 
Fig. 9. When the leg is bending, the center of rotation moves upward and backward, 
according to the  ratio between R1 and R2, the radius of the rolling surfaces. 

 
This motion increases the foot clearance necessary to swing the leg, and the shank active 
rotation can thus be reduced. The effect is not only on energy consumption - i.e. the knee 
could be passive in some robots - but also on the gait stability. Actually the inertial load of 
knee-bending and knee-stretching is one of the most important in the dynamics of walking. 
This is also the reason why the foot must be designed as light as possible, as described in the 
next paragraph. 
Regarding the radius of curvature of the two surfaces, we can look for an optimal design to 
maximize the foot clearance during the rotation. We can consider that if one contact surface 
(for example the upper one) has radius infinite or zero, the upward translation is null during 
the rotation. This means that there must be a finite rate value of the two radius that 
maximizes the upward motion. Considering that the two surfaces are in contact without 
slipping, the upward motion Δy,  as in Fig. 10, is  so computed: 
 

αR1 = θR2     (1) 

 
Δy = R1(1 – cos(α) = R1(1 – cos(θ R2/R1)    (2) 

 
If R1 is fixed and we vary R2, the maximum can be found quite straightforward given θs: 
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R2 = (π/ θs)R1     (3)  
θs is the angle of the bent knee in the instant the foot is closer to the ground. 
According to this simple analysis, the radius R2 should be longer than R1; the bigger the 
ratio between the two radius, the smaller the shank rotation, till having a flat surface rolling 
on the upper one.  
 

 
Fig. 10. The upward movement can be expressed as a function of R1, R2, and θ due to the 
constrain of rolling without slipping. 

 
4. The role of the foot 
 

4.1 The importance of foot in stability and efficiency of walking 

The foot is probably the most challenging part for a biped robot to be anthropomorphic. Not 
only from the sensory point of view, but for the unique combination of mobility and 
lightness. 
First of all, the foot inertia must be negligible with respect to the leg inertia. There are 
several evidences for this. One reason is the energy efficiency. To understand that, try to run 
or kick wearing heavy boots. During the swing-phase, the torque needed to move the leg 
forward is mainly due to inertial loads, that highly depend on the foot weight. In addition, 
these loads would act on the hip and the stance leg; their impact on the stability is more 
critical when the ratio body weight/foot weight is low.  
But the foot does not only affect the dynamic balance. It is fundamental for stability to keep 
the center of mass as high as possible. At the beginning of the stance phase, the biped robot 
can be considered as an inverted pendulum, both in the fore-aft plane and in the frontal 
plane. Placing the center of mass higher increases the inertia of the pendulum respect to the 
hinge. It is well known that this implies slower changes respect to the initial position and 
thus a wider stability respect to external disturbances (Sardain, 1999). As already pointed 
out about the knee, stability and energy efficiency are strictly related. A more stable gait 
requires less motor action to counteract  disturbances (Maloiy et al, 1986). 
Another aspect that characterizes the human foot is its mobility and elasticity. (Ker et al. 
1987) found that the foot behaves like an elastic body, returning about 78% of the energy in 
its elastic recoil. During running, the arc of the foot stores and returns 17% of the energy the 
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body loses and regains at each footfall, while till the 35% of this energy is stored and 
returned by Achilles tendon. 
The foot mobility of course has a big influence on the whole kinematics and dynamics of the 
motion, especially on the ankle. In particular, during the stance phase, the contact point 
moves from the heel to the toe, and the foot is rotated before the toe-off. The position of the 
contact force plays a very important role in determining the joint torques, thus the energy 
consumption. As in normal walking the ground reaction is much higher than inertial forces, 
in first approximation, we can consider only this force acting on the stance leg (Vaughan, 
1996). From this point of view, the bigger the arm between the joint and the contact force,  
the bigger would be the torque needed. In order to minimize energy consumption, while 
walking we naturally pose the leg joints close to the line of action of the contact force 
(Saunders et al, 1953) (Alexander, 1992). For this reason it is important to have a foot that let 
adapt the position of the ankle, and thus the other joints, without losing grip. 
This aspect is particularly relevant at toe-off, when only a small region of the foot is in 
contact. Also here the mobility and elasticity of the foot plays a very important role 
(Doneland et al, 2002) (Kuo, 1998).  
Fig. 11 shows a simple biped model at hell-strike: the rear leg is in the stance phase, and the 
fore leg is about at foot-fall. The energy loss at the impact depends on the vertical velocity of 
the center of mass cm. The ideal situation is when the cm velocity is parallel to the ground, 
and the legs simulate the wheel (McGeer, 1990). In normal walking, without toe-off the 
motion of the cm is rotational along the contact point of the stance leg. This means that at 
foot fall there is a component of cm vertical velocity that causes impact loss. Using toe-off, 
this component can be significantly reduced, resulting in a more efficient and smooth gait. 
(Kuo, 1998)  figured out that providing all the energy necessary for walking by the toe-off 
muscle instead of the hip reduces the energy cost by a factor of 4. 
 

 
Fig. 11. Consider v1 and v2 as the velocities of the cm, respectively before and after heel-
strike, while Fc and Ft are the ground reaction forces. With toe off (on the right) the cm 
vertical velocity is reduced, and the gait is smoother and more efficient. 

 
4.2 The anthropomorphic foot 
 

Nowadays, almost all the biped robots adopt a flat foot, with relatively heavy dampers to 
smooth the heel-strike; a noticeable exception is the design of toe joints proposed in 
(Sellaouti et al, 2006). The mobility of human foot is very difficult to reproduce, also because, 
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for walking stability, it is fundamental to keep the foot light. In the previous paragraph, we 
underlined that the key issues for the foot design are: 

• The possibility to change ankle position without losing grip. This is a key issue for 
energy efficiency (Alexander, 1992) 

• A good elasticity to store and release part of the  energy lost at footfall. Also a good 
damping is required to  smooth the impact occurring at every step 

• The capacity to adapt to different ground situations  without losing grip in 
different step phases, as at toe-off 

Using a flat foot implies that the ankle position is fixed during the whole stance phase and, 
at toe-off, the contact is reduced to the foot edge as in Fig. 12.  On the other hand, a flat foot 
is probably the simplest design that can be conceived, and ensures a big base on which to 
lean during the stance phase.  
 

 
Fig. 12. A flat foot compared to a circular foot 

 
Another type of simple foot profile, adopted mainly on passive dynamic walkers, is the 
round foot. The advantage of this kind of foot is that the ankle joint is moved forward 
during the rotation, minimizing in this way the torque needed at toe-off. The drawback of 
the round profile is that the contact surface is reduced to a thin area. That is way this kind of 
foot is mainly adopted on 2-D bipeds. 
Thus, our goal was to develop a foot with the right trade-off between mobility and stability, 
keeping at the same time the structure as light as possible. So we adopted performing 
materials, mainly polycarbonate and carbon. Then, we designed the human-foot structure 
with a two-dof device, shown in Fig. 13. The foot has one passive degree of freedom that 
represent the heel, an arc, and another passive dof for the toe. In addition, we inserted an 
artificial Achilles tendon between the heel and the arc. 
 

 
Fig. 13. The foot of LARP, developed to mimic the human one. It has two passive degrees of 
freedom, with a spring-damper system to smooth the heel-strike. 
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The articulations in the foot play an important role in determining the gait kinematics and 
dynamics. As shown in Fig. 13, at heel-strike and at toe-off, the ankle position is not 
constrained in one fixed position.  This gives the ankle an addition degree of freedom, which 
makes it possible to minimize energy consumption as stated above.  
Generally speaking, during the stance phase the contact position moves from the heel to the 
toe. With our foot, the center of rotation follows the same motion. This means that the lever 
arm of the ground reaction force is already reduced respect to a flat foot, where the ankle 
and the center of rotation are constrained in the same fixed point. Moreover, the foot keeps a 
firm base to lean even at toe-off, when the ankle is moved forward and upward for knee-
bending. In this way the double support time - the time when both feet lean on the ground - 
can be increased, resulting in a more stable walk. 
For simplicity, the foot proportions have been chosen similar to the human foot. Anyway, it 
is possible to optimize the arc proportions, which represent for the ankle the arm of the 
contact-force at heel-strike and toe-off, according to stability or efficiency criteria. 

 
5. Actuators control 
 

5.1 The spring-damper actuator 
The twelve actuated degrees of freedom are actuated by an elastic actuator. The actuator is 
composed by a servo motor (a big servo with 24 kg cm torque), a torsional spring and a 
damper, as illustrated in Fig. 14. The resulting assembly is small, lightweight and simple. 
Using a spring between the motor and the joint let us have a precise force feedback simply 
measuring the deflection of the spring. The resulting actuator has a good shock tolerance; 
fundamental in walking, as impacts occur at every step. In addition, we can exploit the 
natural dynamic of the link storing energy in the spring.  
Similar actuators, with a DC motor and a spring, have been successfully used in biped 
robotics by (Pratt et al. , 1995) (Takanishi et al, 1997) 
 

 
Fig. 14. The schema of the elastic actuator. 

 
The choice of the servos and the materials was made basically on cheap and off-the-shelf 
components. The main characteristic of this actuator is that the joint stiffness is not infinite, 
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as it is in servo motors, and it can be changed in real time despite the constant stiffness of 
the spring. This has been achieved through a right choice of spring-damper characteristics 
and thanks to an intuitive control algorithm. 
Let define the joint stiffness kg as: 
 

kg = Me/ε     (4) 

 
where Me is the external load and ε is the position error.  
A first prototype of our actuator was composed by two motors and two springs, working as 
agonist and antagonist muscles in humans. This let us to vary the joint stiffness even when 
no external load is acting, pre-tensioning the joint. With only one motor and one spring, the 
initial stiffness of the joint is fixed by the spring constant, since the motor needs some time 
to tension the spring and counteract the external torque. Also, in this conditions, the 
presence of the damper in parallel to the spring permits to avoid high initial errors due to 
rapidly varying loads. 
 

The damping factor can be chosen constant, at its critical value ξ=1. 
 

wn = √(kg/I) and d = 2 ξwnI    (5) 

 
or can be varied during motion, in order to save motor torque and make the system faster. 
In the following paragraph we present the first option. 

 
5.2 The control algorithm for a fixed damping factor 
The spring-damper actuator can be used in a torque control loop: the high-level controller 
assigns the torque to be delivered and, measuring the spring deflection, the low-level 
regulator makes the actuator perform the task.  
A way to assign joint torques is the Virtual Model Control (Pratt et al. 2001). In this 
approach, the controller sets the actuator torques using the simulation results of a virtual 
mechanical component. In such a manner the robot can benefits of the component behavior 
without having it really. 
In other classical approaches (Kwek et al, 2003) the calculation of the joint torques is based 
instead on the dynamic model of the robot, usually complicated and imprecise. Indeed the 
biped robot can be formalized with a multi-input-multi-output (MIMO) non linear system, 
that sometime presents also time variant dynamical behavior. In these conditions a classical 
PID (Proportional Integral Derivative) controller is not suitable and more complex control 
strategies are needed. On the other hand, if we apply only a simple position controller we 
lack the control of the joint stiffness. 
To solve these issues we developed a simple algorithm that can control the joint stiffness 
and position providing the worth torque without complex calculations. While a high-level 
controller assigns the trajectories, as in classical position control, the elastic low-level 
regulator varies the joint stiffness in real time and makes a smooth motion. 
In addition, we developed a more articulated algorithm with acceleration and velocity 
feedback; it provides an estimation of the external torque acting on the link, and modifies 
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the joint stiffness accordingly. These algorithms are described in detail in the next two 
subsections. 
 

5.2.1 The controller using position feedback 

The basic control algorithm is simple and very closed to a classical model of the Equilibrium 

Point hypothesis. It takes in input the reference position φr and the joint stiffness kg and 

gives in output the motor position α0 The only state information needed is the actual joint 
position, that must be measured and feed-backed to the regulator. We may remind that the 
difference between the actual position and the motor one is covered by the spring deflection. 
The control law is expressed by equation 6: 
 

α0= (kg/k) (φr − φ) +φ    (6) 
 
where k represent the spring stiffness, φr and φ the target and actual angular position 
respectively. The result is that a virtual spring with kg stiffness is acting between the 

reference angle and the actual position. For kg =k, α0= φr, as the spring and joint stiffness 
coincide. If kg<k the motor rotation will be lower than the reference, as the spring stiffness is 
higher than the one required for the joint. Dually, if kg>k the motor has to rotate more to 
generate higher torques. Thus, the choice of kg and k can depend on the motor 
characteristics: kg>k attenuates the effects of a motor position error, while kg<k is suited 
when the motor limit is the speed. 

For the other input, the reference position, to avoid high initial acceleration φr should be 
defined with second order functions with suited time constants. The finite joint stiffness 
betokens the presence of an error and one may define the time when the desired position 
must be reached, accordingly with the joint stiffness.  
If stiffness is very high, the error will be small, and the actual trajectory very close to the 

assigned one; this means that in presence of a step in φr high acceleration peaks can be 
generated.  
If the joint stiffness is small, one may expect relevant differences between the reference and 
actual trajectories, as the inertia and the damping oppose to fast movements. The static error  

ε depends anyway on the external load Text as in equation 7: 
 

ε = Text/kg     (7) 

 
Equation 7 represents also a way to determine the joint stiffness, deciding the maximum 
error tolerance and estimating the external maximum load. Note that kg can be changed in 
real time, according to the precision needed in critical phases of the motion. To define the 
reference trajectory we used a step function filtered by a second order filter defined by a 
suited time constant T. In this way we can characterize the reference pattern with a single 
parameter. For simplicity the damping factor is set to a constant value that keep the system 
at the critical damping, as in equation 5 
We simulated the control of a simple 1-dof pendulum to confirm the theoretical approach. In 
the simulation, gravity and external loads were included. Also friction was included to test 
the robustness of the algorithm.  
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We set the system parameters as: m=1.2 kg; l=0.3 m; Ig=7.35*10-2 kgm2; k=6 Nm/rad; kg=10 
Nm/rad (where l is the distance between the center of mass and the joint axis). 
Fig. 15 (a) shows the joint angles and motor positions of the system for a commanded 
movement from 0 to 0.3 rad at 0.1 sec, and from 0.3 rad to -0.3 rad at 1.2 sec with a constant 
time T=0.08 s. Here, only gravity is acting, but tests were made including variable external 
disturbances, which could mimic the inertia load of other moving links. With "static angle", 
we denote the position the joint would have if the link inertia was zero and the damper was 
not present. The chosen stiffness is quite weak, and the error is about 0.1 rad only due to 
gravity. Looking at the motor position, we can notice that it is always opposite to the angle 
respect to the reference since the spring stiffness is chosen lower than the joint stiffness. In 
this way the motor has to rotate more, but the system is less sensitive to motor position 
error. At about 1.4 sec., the motor rotation changes velocity due to servo maximum torque 
limit. In the simulation also servo speed limitation was included. 
About the resulting rotational acceleration, we can notice in Fig. 14 (b) only two peaks, 
acceleration and deceleration, with no oscillation. This pattern, typical of damped systems, 
is useful when it is needed to exploit the natural dynamics of multi-link systems. For 
instance, when starting a step, the acceleration of the thigh can be used to bend the knee, as 
in passive dynamic walkers (McGeer, 1990)(Collins et al, 2001) or, before foot-fall, the 
deceleration of the swing motion can be exploited to straight the leg, as in passive lower-
limb prosthesis. 
 

             
                                        (a)                                                                                  (b) 
Fig. 15. (a) The link rotation and the motor position referred to the commanded angle. The 
actual angle approaches the reference accordingly to the stiffness and external load ("static" 
angle). (b) The acceleration pattern presents two peaks, characteristic of damped systems. 
The change at about t=1.5 s is due to the limit on servo maximum torque. 

 
To figure out the influence of rapidly external loads, we studied a positioning task under 
step-varying external torque. Here the stiffness was set high, since a keep-position task was 
to be performed: k=10 Nm/rad; kg=50 Nm/rad. Figure 16 shows the result of the system 
under the action of an external load composed by a sinusoidal and constant action; at 0.1s 
there is a positive step; at 1s a negative one.  
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Fig. 16. The system behavior under rapidly-varying external torques. These can be seen in 
the "static angle" changing accordingly to the sinusoidal and step components of the load. 

 
Using this simple control law, we do not need to solve any inverse dynamic problem, but 
just decide the joint stiffness, using for example equation (7), and define the suited reference 
pattern. Different is the case when, given a reference trajectory, we want to follow it 
controlling the motor torque; in this case, the external load plays a very important role, 
while, with the elastic control, we just need a rough estimate of it when  the joint stiffness is 
fixed. 
The following subsection describes a more complete algorithm that can automatically adapt 
joint stiffness to the external load, given system inertia, or its average value for a multi-link 
system. 

 
5.2.2  Force estimation through acceleration feedback 

In trajectory planning, not only the position is constrained, but also the velocity and 
acceleration must respect some limitations. This is especially important when we want to 
exploit the natural dynamic of the multi-body system; the acceleration of the thigh can be 
used to bend the knee when starting the step (McGeer,  1990) or to straight it before the foot-
fall, as in passive leg prosthesis. Also velocity and acceleration limitations are needed where 
inertial loads, due to the movement of one part, can interfere with the motion of the rest of 
the robot; this is particularly relevant in bipedal walking. 
To consider acceleration constrains, we included in our controller a sort of impedance 
control. By this term, we refer to the fact that the algorithm tracks the delivered torque and 
studies the resulting acceleration, creating a function relating these two quantities. In this 
way, we can create a simple dynamic model of a multi-body system without solving any 
inverse dynamic problem. The model can also get a good estimate of the external load acting 
on the joint, including gravity and the interaction force with other links. 
This can be obtained using, in the control loop, the equations (8):  
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where d is the damping factor (as in equation 5), α0 is obtained from equation (6), I is the 
inertia and k an elastic constant. We can assume that between the instants i-1 and i of the 
control loop the external load remains constant, so Ti-1ext  = Tiext. 
Given the values of k, d, I, the position of the motor a0 and the estimation of Text., the 
acceleration can be estimated from equation (9): 
 

Ii- /)  d  - T ) - ( (k  Ai i
ext

1i
0

i ϕϕα &⋅+⋅=     (9) 

 
In this way we implement a kind of impedance control: if the acceleration (system output) in 

the next step is different from the foreseen one, given the calculated α0 (system input), 
system infers that a different load is acting (system model has changed) and thus the motor 

position α0 is corrected accordingly. In some way this is also how we sample the properties 
of objects in real word. For instance, to check whether a bin is empty or not we lift it, and 
according to the resulting motion we estimate the mass. In a positioning task, we make this 
sample-evaluation-correction every instant. 
The simulations on a single joint, with parameters: m=1.2 kg; l=0.3 m; Ig =7.3510-2 kg m2, 
k=10 Nm/rad; kg=50 Nm/rad, are discussed, evaluating position, acceleration, and external 
load. In Fig. 17 we illustrate the results on the angle, with and without limiting the motor 
torque and using as external load only the gravitational one. 

  
Fig.17. the angles with and without torque limitation 

 
We can notice in Fig 18 the effect of limiting motor torque on the acceleration pattern. The 
characteristic is similar to the human electro-myographic activity, composed by there 
phases: acceleration-pause-deceleration (Kiriazov, 1991) (Gotlieb et al, 1989) and suitable for 
exploiting the natural dynamic of the links, i.e. in leg swinging as pointed out before. We 
can also notice that the system perform a pretty good estimation of the external load acting 
on the link. 
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