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Logarithms'

Introduction

In mathematics many ideas are related. We saw that addition and subtraction are related and that multi-
plication and division are related. Similarly, exponentials and logarithms are related.

Logarithms are commonly refered to as logs, are the "opposite" of exponentials, just as subtraction is the
opposite of addition and division is the opposite of multiplication. Logs "undo" exponentials. Technically
speaking, logs are the inverses of exponentials. The logarithm of a number x in the base a is defined as the
number n such that ™ = x.

So, if a™ = x, then:

log, () =n (1)

ASIDE: When we say “inverse function” we mean that the answer becomes the question and the
question becomes the answer. For example, in the equation a® = z the “question” is “what is a
raised to the power b?” The answer is “z.” The inverse function would be log,x = b or “by what
power must we raise a to obtain x?” The answer is “b.”

The mathematical symbol for logarithm is log, (z) and it is read “log to the base a of x”. For example,
logyo (100) is “log to the base 10 of 100.”

Logarithm Symbols :
Write the following out in words. The first one is done for you.

log, (4) is log to the base 2 of 4
logy (14)

logye (4)

log, (8)

log, ()

Cuk o

Definition of Logarithms

The logarithm of a number is the value to which the base must be raised to give that number i.e. the
exponent. From the first example of the activity log, (4) means the power of 2 that will give 4. As 22 = 4,
we see that

log, (4) =2 (2)

The exponential-form is then 22 = 4 and the logarithmic-form is log,4 = 2.

LThis content is available online at <http://siyavula.cnx.org/content/m31883/1.4/>.



Definition 1: Logarithms
If a™ = x, then: log, (z) = n, where a > 0; a # 1 and = > 0.

Applying the definition :
Find the value of:

1. log,343
Reasoning :
73 =343 (3)
therefore, log,;343 = 3
2. log,8
3. logzlé

4. logy¢1 000

Logarithm Bases

Logarithms, like exponentials, also have a base and log, (2) is not the same as log,, (2).

We generally use the “common” base, 10, or the natural base, e.

The number e is an irrational number between 2.71 and 2.72. It comes up surprisingly often in Mathe-
matics, but for now suffice it to say that it is one of the two common bases.

Natural Logarithm

The natural logarithm (symbol in) is widely used in the sciences. The natural logarithm is to the base e
which is approximately 2.71828183.... e is like 7 and is another example of an irrational number.

While the notation log;, (z) and log, (x) may be used, log,, (z) is often written log (x) in Science and
log, (z) is normally written as In (z) in both Science and Mathematics. So, if you see the log symbol without
a base, it means log.

It is often necessary or convenient to convert a log from one base to another. An engineer might need an
approximate solution to a log in a base for which he does not have a table or calculator function, or it may
be algebraically convenient to have two logs in the same base.

Logarithms can be changed from one base to another, by using the change of base formula:

_logyx

(4)

where b is any base you find convenient. Normally a and b are known, therefore log,a is normally a known,
if irrational, number.
For example, change log,12 in base 10 is:

l —
a logya

logqp12
log,12 = 2910

log,o2

Change of Base : Change the following to the indicated base:

. logy (4) to base 8
. logy, (14) to base 2
. logqg (4) to base 10
. log, (8) to base y

= W N



5. log, (z) to base x

Khan academy video on logarithms - 1

This media object is a Flash object. Please view or download it at
<http://www.youtube.com/v/mQTWzLpCcW0&rel=0&hl=en US&feature=player embedded&version—=3>

Figure 1

Laws of Logarithms

Just as for the exponents, logarithms have some laws which make working with them easier. These laws are
based on the exponential laws and are summarised first and then explained in detail.

log, (1) = 0
log, (a) = 1
log, (z-y) = log, (z)+log, (y) (6)
log, (£) = log, (z) ~ log, (v)
log, (zb) = blog, (x)
log, (V) = logy(e)

Logarithm Law 1: log,1 =0

Since a® = 1
Then, log, (1) = log, (a®) (7
=0 by definition of logarithm
For example,
logs1 =0 (8)

and

l0ogas1 =0 (9)

Logarithm Law 1: log,1 =0 :
Simplify the following:

1. logo (1) +5
2. logy, (1) x 100



3. 3 x logyg (1)

4. log,, (1) + 2zy
5. log, (1)

Logarithm Law 2: log, (a) =1

Since a! = a
Then, log,(a) = log, (a') (10)
= 1 by definition of logarithm
For example,

log,2 =1 (11)

and

logy525 =1 (12)

Logarithm Law 2: log, (a) =1 :
Simplify the following:

logy (2) +5
logyo (10) x 100
3 x logy4 (16)
log, (x) + 2zy

log, (y)
xT

ANl S

TIP: Useful to know and remember

When the base is 10, we do not need to state it. From the work done up to now, it is also useful to summarise
the following facts:

. logl =0

. logld =1

. logl00 = 2
. 1log1000 = 3

= W N =

Logarithm Law 3: log, (z - y) = log, (x) + log, (y)

The derivation of this law is a bit trickier than the first two. Firstly, we need to relate x and y to the base
a. So, assume that £ = a™ and y = a”. Then from Equation (1), we have that:

log, (x) m

13
and log, (y) )

n



This means that we can write:

loga (33 : y)

For example, show that log (10 - 100) = log10 4 log100. Start with calculating the left hand side:

The right hand side:

= log, (a™ - a™)
= loga (aern)

— log, (aloga,(I)+loga,(y))

Exponential laws

_ log, () + log, (v)

log (10-100) = log (1000)
= log (103)
= 3
l0g10 + logl00 = 142
= 3

Both sides are equal. Therefore, log (10 - 100) = log10 + log100.

Logarithm Law 3: log, (z -y) = log, (z) + log, (y) :

Write as seperate logs:

logy (8 x 4)
logg (10 x 10)
log (zy)
log. (2zy)
log, (v°)

CU W=

Logarithm Law 4: log, <§

The derivation of this law is identical to the derivation of Logarithm Law 3 and is left as an exercise.

) - loga (ZE) - lOga (y)

For example, show that log (1) = logl0 — log100. Start with calculating the left hand side:

00

The right hand side:

1

log (15) = log (55)
= log (10_1)
= -1
logl0 —logl00 = 1-2
= -1

Both sides are equal. Therefore, log (%) = log10 — log100.

(14)

(15)

(16)

(17)

(18)



Logarithm Law 4: log, (g) =log, () —log, (y) :

Write as seperate logs:

1. log, (%)
. logg (M)

2
3
4. log, (%)
5. log, (3)

Logarithm Law 5: log, («) = blog, (z)

Once again, we need to relate x to the base a. So, we let x = a™. Then,

log,, (:vb) = log, ((am)b>

= log, (a™?)  (exponential laws
But, m = log, (z) (Assumption that x = a™)
log, (z*) = log, (ab'l"ga(x))

= b-log,(z) (Definition of logarithm)
For example, we can show that log, (5%) = 3log, (5).

logy (5%) = logy (5-5-5)

2
= logy5 +1logy5 +logy5 (7. log, (x - y) = log, (a™ - a™))
= 3logy5

Therefore, log, (5%) = 3log, (5).

Logarithm Law 5: log, (2°) = blog, (z) :
Simplify the following:
1. log, (84)
logg (1010)
logy (V)

log, (y*)
log, (y**)

A

Logarithm Law 6: log, (\/z) = _logz(x)

The derivation of this law is identical to the derivation of Logarithm Law 5 and is left as an exercise.

For example, we can show that log, (V/5) = ZOQTQS.
log, (5%)
= %10925 ( log,, (:cb) = blog, (x))

logy (\‘75)
log,b

Therefore, log, ({/5) - ZOQTJ’_

(20)



Logarithm Law 6: log, (V) = % :

Simplify the following:

log, (\‘Vg)
logs ( IW)
logy6 (\y/f)

log,

(/v
log, ( %/y)

ANl

TIP: The final answer doesn’t have to look simple.

Khan academy video on logarithms - 2

This media object is a Flash object. Please view or download it at
<http://www.youtube.com/v/PupNgv49 WY&rel=0&hl=en US&feature=player embedded&version=3>

Figure 2

Khan academy video on logarithms - 3

This media object is a Flash object. Please view or download it at
<http://www.youtube.com/v/TMmxKZaCqe0&rel=0&hl=en US&feature=player embedded&version=3>

Figure 3
Exercise 1: Simplification of Logs
Simplify, without use of a calculator:
3log3 + log125 (22)
Exercise 2: Simplification of Logs
Simplify, without use of a calculator:
85 + log,32 (23)

Exercise 3: Simplify to one log
Write 2log3 + log2 — logh as the logarithm of a single number.

TIP: Exponent rule: (xb)a = g



Solving simple log equations

In grade 10 you solved some exponential equations by trial and error, because you did not know the great
power of logarithms yet. Now it is much easier to solve these equations by using logarithms.

For example to solve x in 25% = 50 correct to two decimal places you simply apply the following reasoning.
If the LHS = RHS then the logarithm of the LHS must be equal to the logarithm of the RHS. By applying
Law 5, you will be able to use your calculator to solve for x.

Exercise 4: Solving Log equations
Solve for x:  25% = 50 correct to two decimal places.

In general, the exponential equation should be simplified as much as possible. Then the aim is to make the
unknown quantity (i.e. x) the subject of the equation.
For example, the equation

2(@+2) — 1 (24)

is solved by moving all terms with the unknown to one side of the equation and taking all constants to the
other side of the equation

27.22 = 1
1 (25)
2:” = 22
Then, take the logarithm of each side.
log (2%) = log (3%)
zlog (2) = —log (22
g(2) g (2%) (26)
zlog(2) = —2log(2) Divide both sides by log (2)
r = -2
Substituting into the original equation, yields
2722 =90 — (27)
Similarly, 90'=2%) = 34 is solved as follows:
9(1721:) _ 34
32(172w) _ 34
3274 = 3% take the logarithm of both sides
log (3274%) = log (3%
(2—4x)log(3) = 4log(3) divide both sides by log (3)
2—4x = 4
—4xr = 2
nr = =
Substituting into the original equation, yields
9(1-2(3")) = g(1+1) — 322) _ g4 (29)

Exercise 5: Exponential Equation
Solve for z in 7 - 537+3) = 35



Exercises

Solve for x:

1. logzz =2
2. 101°9%7 = ¢
3. 329:71 — 27239—1

Logarithmic applications in the Real World

Logarithms are part of a number of formulae used in the Physical Sciences. There are formulae that deal
with earthquakes, with sound, and pH-levels to mention a few. To work out time periods is growth or decay,
logs are used to solve the particular equation.

Exercise 6: Using the growth formula
A city grows 5% every 2 years. How long will it take for the city to triple its size?

Exercise 7: Logs in Compound Interest

I have R12 000 to invest. I need the money to grow to at least R30 000. If it is invested at a
compound interest rate of 13% per annum, for how long (in full years) does my investment need to
grow ?

Exercises

1. The population of a certain bacteria is expected to grow exponentially at a rate of 15 % every hour.
If the initial population is 5 000, how long will it take for the population to reach 100 000 ?

2. Plus Bank is offering a savings account with an interest rate if 10 % per annum compounded monthly.
You can afford to save R 300 per month. How long will it take you to save R 20 000 ? (Give your
answer in years and months)

End of Chapter Exercises

1. Show that
X
log, (y) — log, (z) — log, () (30)

2. Show that

tog, ({/7) = 20a(®) (31)

3. Without using a calculator show that:

75 5 32
=2 2log> =2~ log2 2
log 16 log9 + log243 log (32)

4. Given that 5" = z and n = logyy

a. Write y in terms of n
b. Express loggdy in terms of n
c. Express 50"*! in terms of = and y
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11.

12.

13.
14.
15.
16.

17.

18.

Simplify, without the use of a calculator:
a. 85 +log,32
b. logs9 — logs\/5
1
¢ (ﬁ) +log;9>"?
Simplify to a single number, without use of a calculator:

log32—log8
a. logs125 + 45720005
b. log3 — log0, 3

Given: logs6 = a and loggh =b
a. Express log;2 in terms of a.
b. Hence, or otherwise, find log510 in terms of a and b.
Given: pg* =qp~' Prove: k=1-— 2log,p
Evaluate without using a calculator: (log;49)° + logs (1iz) — 13 logy1

. If logh = 0,7, determine, without using a calculator:

a. logsh
b. 10714

Given: M =log, (x + 3) + log, (z — 3)

a. Determine the values of x for which M is defined.
b. Solve for z if M = 4.

Solve: (x?’)logr = 1022 (Answer(s) may be left in surd form, if necessary.)
Find the value of (109273)3 without the use of a calculator.

Simplify By using a calculator: l0g,8 + 2log;\/27

Write log4500 in terms of a and b if 2 = 10 and 9 = 10°.

. 52005_52004 24
Calculate: W;

Solve the following equation for x without the use of a calculator and using the fact that /10 ~ 3,16 :

2log (x +1) = % -1 (33)

Solve the following equation for z: 652 = 66  (Give answer correct to 2 decimal places.)



Chapter 1

Sequences and series

1.1 Arithmetic & Geometric Sequences, Recursive Formulae'

1.1.1 Introduction

In this chapter we extend the arithmetic and quadratic sequences studied in earlier grades, to geometric
sequences. We also look at series, which is the summing of the terms in a sequence.

1.1.2 Arithmetic Sequences

The simplest type of numerical sequence is an arithmetic sequence.

Definition 1.1: Arithmetic Sequence
An arithmetic (or linear) sequence is a sequence of numbers in which each new term is calculated
by adding a constant value to the previous term

For example, 1,2,3,4,5,6, ... is an arithmetic sequence because you add 1 to the current term to get the
next term:

first term: 1

second term: | 2=1+1
third term: 3=2+1

n'™® term: n=(Mn-1)+1

Table 1.1

1.1.2.1 Common Difference :
Find the constant value that is added to get the following sequences and write out the next 5 terms.

2,6,10,14, 18,22, ...
~5,-3,—1,1,3, ...
1,4,7,10,13, 16, ...
—1,10,21, 32,43, 54, ...
3,0,—-3,—6,—-9,—12, ...

CU =

LThis content is available online at <http://siyavula.cnx.org/content/m39302/1.1/>.
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