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1. Introduction

Let (X, |||]) be a (real) Banach space. We refer to [38] or [28] as some introduction to the
general theory of Banach spaces. Note that, as usual in the case, all the results we discuss
here remain valid for complex scalars with possibly different constants. Let I be a countable
set with possibly some ordering we refer to whenever considering convergence with respect
to elements of I (wich will be denoted by lim;_...).

Definition 1 We say that countable system of vectors & = (e;, €} );c; is biorthogonal if fori,j € I

we have
. 1 if i=j
e;(e;) = PP @
0 if 15#7
Such a general class of systems would be inconvenient to work with, therefore we require

biorthogonal systems to be aligned with the Banach space X we want to describe.
Definition 2 We say that system © = (e;, €} );¢ is natural if the following conditions are satisfied:

0 <inffleif| < Fup leill < oo )

0 <infllefl] < sup 7] < o0 3)

span{e; :i € [} = X. @)

Usually we assume also that ||¢;|| = 1 for all i €I, i.e. we normalize the system. Note that if

(4) holds then functionals (€] )icr are uniquely determined by the set { e 1€l } and thus
slightly abusing the convention we can speak about (€;);c; being a biorthogonal system.
Observe that if assumptions (1)-(4) are verified, then each © € X is uniquely determined
by the values (€ ());cr and moreover lim;_.~ €} (x) = 0 for every z € X.

Clearly the concept of biorthogonal system is to express each ¥ € X as the series
> ic1 € (x)e; convergent to x. If such expansion exists for all # € X then we work in in
the usual Schauder basis setting.
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Definition 3 A natural system ® is said to be Schauder basis if | = N and for any © € X the
series Y. 7 e, (X)e, is convergent.
However in this chapter we proceed in a slightly more general environment and do not

*

require neither convergence of .. e, (X)e, nor fix a particular order on I. Obviously still the

idea is to approximate any © € X by linear combinations of basis elements and therefore
forany x € X and J C I we define

Py(x) =) e;(x)e, 5)

whenever this makes sense. In particular it is well defined for any finite J. It suggests that for
eachm =0, 1, 2, ... we can consider the space of m-term approximations. Namely we denote
by ¥ the collection of all elements of X which can be expressed as linear combinations of
m elements of (€;);er, i.e.

Lni={y= Zajej Jcl, |J|=m, a; € R},
jed
Let us observe that the space ¥ is not linear since the sum of two elements from Y., is
generally in X, not in %,. For = € X and for m =0, 1, 2, ... we define its best m-term
approximation error (with respect to @)

Om(P,2) = op(z) =inf{|lz —y| : v €L}

Commonly the system @ is clear from the context and hence we can suppress it form the
above notation. Observe that from (4) we acknowledge that for each z € X we have
lim,, .~ o,,(z) = 0. There is a natural question one may ask, what has to be assumed for
the best m-term approximation to exist, i.e. that there exists some y € X,, such that
om(x) = ||z — y||. The question of existence of the best m-term approximation for a given
natural system was discussed even in a more general setting in [4]. A detailed study in our
context can be found in [39] from which we quote the following result:

Theorem 1 Let (€;,€})icr be a natural biorthogonal system in X. Assume that there exists a
subspace Y C X * such that

1. Yisnormingie. forallz € X

sup{|y(z)| - y € Y and |[y|| <1} = ||z[|.
2. forevery Y € Y we have lim i y(ei) = 0.
Then for each * € X and m =0, 1, 2, ... there exists y € X, such that o (x) = ||z — y|.
The obvious candidate for being the norming subspace of X* is ¥ = span(e;, i € I).
Later we will show that this is the case of unconditional bases.
The idea of an approximation algorithm is that we construct a sequence of maps T;,: X —X,
m=0,1, 2 ... such that for each * € X, we have that 7},,(z) € ¥,,. The fundamental
property which any admissible algorithm (T.;)u20 should verify is that the error we make is
comparable with the approximation error, namely

”:E - Tm (3')” < CO’,,,_(:L‘L (6)
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where C is an absolute constant. The potentially simplest approach is to use projection of the
type (5). We will show later that in the unconditional setting for each m, * € X there exists
projection Pj which has the minimal approximation error, namely ||z — Pjx| = o, (x).
Among all the possible projections, one choice seems to be the most natural: we take a
projection with the largest possible coefficients, that means we denote

Gn(®,2) :=Gp(z) = Z e;(x)e;

jeJ

where the set .J C I is chosen in such a way that |J| =m and lej(z)] = lex(x)]

whenever j € Jand k ¢ J. The collection of such Gy, i.e. (Gm ) =0 will be called the Greedy

Algorithm.

Clearly G,,, m =0, 1, 2, ... have some surprising features which one should keep in mind,

when working with this type of approximation (cf. [40]):

1. It may happen that for some x and m the element G,, () (i.e. the set ]) is not uniquely
determined by the previous conditions. In such case we pick any of them.

2. The operator G,, () is not linear (even if appropriate sets are uniquely defined).

3. The operator G, () is discontinuous. To see it it suffices to fix .J1, .Jo C I such that

JiNJy =0 and |J;| = |Jo| = m. We define two sequences of vectors
n+1
Yn = n Z ej + Z Cks
Jjeg; keds
n+1
Zn = Z €; =+ n Z €.

.L"evﬁ keds

Clearly both y, and z, converge to Z jeJ uds Ci» but

Q”,(y,,) = - :?- L ch- — ZCJ-

Jje je

and

Gnl(zn) = " : ! Z ej — Z e;.

JEJ2 JES2

4. Following the previous example we learn that G, is continuous at the point z € X if
and only if the set ] used in the definition of G,, () is uniquely defined.

5. If I = N then there is a simple trick to define G,, uniquely, namely given € X we
define greedy ordering as the map F : N — N such that {j : ej(r) # 0} ¢ F(N)and

so that if j < k then either [€}(;(Z)| > [€f (2)] or [€f ;) (2)| = [€f ()] and F()
< F(k). With this notation the mth greedy approximation of x equals
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T
gm § P}" PF‘U

As announced we consider the greedy algorlthm acceptable if it verifies (6). We formalize
the idea in the following definitions:

Definition 4 A natural biorthogonal system @ is called a greedy basis if there exists a constant C
such that for all x € Xandm=0,1,2, ... we have

|z = Gn(®,2)|| < Cop(P,z).

The smallest constant C will be called the greedy constant of ®.

Definition 5 A natural biorthogonal system ® is called quasi-greedy if for every * € X the norm
limit 1im,,, o G (P, ) exists (and equals x).

Clearly every greedy basis is quasi-greedy. We remark that those concepts were formall
defined in [26] though implicit in earlier works of Temlyakov [30]-[33]. Throughout the
chapter we study various properties of greedy and quasi greedy bases. Toward this goal let
us introduce the following notation:

e(m) := sup{|| ZJJ,,_” ] < m},
icl
Y(m) = inf{|| Z;t:nH I = m},

nel

g”l :: Sllp || :”( )” b
X, x#£0 O—m(f')
sup x Jl =k
M e o 2P0 sl 171 = K3

kem {3050, 25l = |J] =k}

2. Unconditional bases

One of the most fruitful concepts in the Banach space theory concerns the unconditionality
of systems. The principal idea of the approach is that we require the space to have a lot of
symmetry which we hope to provide a number of useful properties. We refer to [37],[38] as
some introductory feedback to this item.

Definition 6 A biorthogonal system ® = (e;, €} )iy is unconditional if there exists a constant K
such for all x € X and any finite J C I we have have | Py(x)|| < K||x||. The smallest such
constant K will be called unconditional constant.

Remark 1 Note that the above definition is equivalent to requiring that || Py(z)|| < K||z|| for all

(not necessarily finite) J C I.
Sometimes we refer to a stronger property which is called symmetry.

Definition 7 An an unconditional system ® = (e;, €7 )i is symmetric if there exists a constant U

such forall x € X, any permutation 7 : I — I and random signs (€;)ic1 we have

1) eici(@)enoll < Ul

iel
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The smallest such constant U will be called symmetric constant.

Usually in the sequel we will assume that the unconditional system has the unconditional
constant equal to 1. This is not a significant restriction since given unconditional system &
in X one can introduce a new norm

llz]ll= sup I A} (@)ei]l
RHES S

By the classical extreme point argument one can check that this is an equivalent norm on X,
more precisely ||z]| < ||[z||| € 2K||z|| for z € X and ® has unconditional constant 1 in
(X, I - 11). In the classical Banach space theory a lot of attention has been paid to
understand some features of spaces which admits the unconditional basis. We quote from
[1] a property we have announced in the introduction.

Proposition 1 Let ((i.;-).;e 1 be an wunconditional basis for X (with constant K). Then
Y = span(e;,i € I) verifies that

KMzl < sup{ly(z)| : y € Vi [lyll <1} < |z,
forallz € X
Proof. Let © € X.Since Y C X, it follows immediately that
sup{|y(z)| :y € Y, |ly|| € 1} <sup{|z*(z)|: 2" € X7, |[2"|| < 1} = ||z]|.

For the other inequality, pick * € Sx- (from unit sphere in X*) so that Z* (x) = |||
Then for each finite | we have

~—1 * Y |(P;E*)T| .
K= |(Pyz™)z| < TP S sup{[y(z)| : y € Y, [ly|| < 1}.
T
Now we let ] tend to I and use that if || Pyz — z|| — 0 then |(Pjz*)z| = |z*(Bx)| — ||z||.

]
Therefore according to Theorem 1 the optimal m-term approximation for unconditional
system exists, i.e. O, () is attained at some y € ,,. We remark that there are a lot of
classical spaces which does not admit any unconditional basis and even (e.g. C[0, 1] see [1])
cannot be embedded into a Banach space with such a structure.

In the greedy approximation theory we consider the class of unconditional bases as the fine
class we usually tend to search for the optimal algorithm (see [14]). The reason is that for
unconditional bases for a given * € X the best m-term approximation must be attained at
some projection P;z.

Proposition 2 Let ® = (¢;, € );c be a natural biorthogonal system with unconditional constant 1.
Then for each x € X and each m = 0, 1, 2, ... there exists a subset J C I of cardinality m such
that ||z — Prz|| = o,.(x).

Proof. Let us fix m and * = Z?’.Ef ae; € X. Let y, = Zje.! bje; be the best m-term

approximationie. |z — ¥,,|| < 0,,(z) (the existence is guaranteed by Proposition 1). Note that

||I - "DJ"I:” = ||;I"- — Ym + P-’ym - -'PJJ-'-” = ||(IU]]I - ‘-DJ[])(-T'- - ym)” ‘*-<-. "-Ll - ym” = U,,,(.’L’)._

which completes the proof. [
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We turn to show that for unconditional systems &,, and M, are comparable. The result we
quote from [35] but for concrete systems (see [32]) the answer was known before.
Theorem 2 If ® is a natural biorthogonal system with unconditional constant 1, then

I Mo (®) < E(®) < 2M,,,(D),

Proof. We have shown in Proposition 2 that we can take the best m-term approximation of x
as T),(x) = Pj,x. Clearly G, (x)=P;x for some .J C I.In order to estimate |z—Gn(2)]|
we write

& —Gn(z) =& — Pz + Ppx — Pz = (¢ — Pyx) + Py gz — Ppga =
Pry(x = Pjyx) + Pro\ s
so using 1-unconditionality we obtain

”3' - m H ”T -T mI” + ||P,!U\;’I?|| Gm ) + ”P-Jn\-fx”‘

Note that max{|ej(z):j € Jo\J} := ¢ < min{|ej@):j € J\Jo} and also [Jo\J| = |[J\Jo| <m.
This implies that ||P,,r“\,;.’r|| c|l ZJEJ:;\J € | and || P.}\J:,-TH el ZJGJ\J:, €j||. Thus
estimating ¢ from the second inequality and substituting it into the first we get

J\JoT
| Prpsz|| < ”g ol ”” Z ejll € Mul|Prjzl| € Mipom().
dent Gl S50

Consequently
|| T — g:u(:l:) || "-<-. J?u.{x) ( ]- +M-m. } gwm.o—ru(x) .

To show the converse inequality use the following result:
Lemma 1 For each m there exists disjoint sets J; and J, with |Ji| = |Ja| < m such that

| Zje.h Al E;‘e‘fz ejll =t = 27" M,
Proof. If M, < 2 the claim is obvious. Otherwise take sets J; and J, with |J1| = |.J2| such
that || Zjeh EIJ-H I Zje.b (JIJ-H_1 > max(2, M,, — €). For simplicity write

o= el b=l

je jeda
a =1 D el aa=1 ¢l
JjeSINJ2 JihJz

With this notation we have 2 < (a / b) < (a / ay) so ay < a/2.This implies

a a + as aq G,)

b~ b b b ‘21’) b

so as/b > a/(2b). Thus we have to replace J; by any set of proper cardinality which
contains J1\ Joand is disjoint with .
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We take sets as in Lemma 1 and denote |.J,| = |.J5| = k < m. Let J3 D .J, be a set of
cardinality m disjoint with J,. Consider

vi=(14+e) Y ei+(1+/2)) e+ Y e
JEJa FeJa\Jy JjE
Then gm(-'f) =I— Z_,-EJI €5, SO ||I gm( )” = || Z;e n (-J” From Proposition 2 we
learn that
om(x) = min{||Psz| : S C JoU J3, and |S| =m} <
<|1Prall < @+e)) el
jEJ2

This and Lemma 1 give

||ZJEJ| I” ||Z;EJ| ,J” > 1
Jrn(T) 1 + 5)” ZJE Ja PT” ( +5)

Since ¢ is arbitrary it completes the proof.

5‘!?1 = M m

]
More elaborate results of this type are presented in [29].
Theorem 3 Let $ be natural biorthogonal system with unconditional constant 1. Suppose that s(m)
is a function such that for some c > 0

P(s(m)) = cp(m), form=1,2,. )
Then

||f gm-l—sfm( )”< C(’Im( )

for some constants Cand m=0,1, 2, ....
Proof. Let us fix x € X with ||z]| =l andm=0,1,2, ... By Proposition 2, there exits a
subset | c I of cardinality m such that

om(z) = ||z — Pz,

and Jy C [ a subset of cardinality s(m) + m such that Gy,ny4m(z) = Pj,x. Using
the unconditionality of the system we get

le = Py @ || > max{lle = Pousy @ [, [P @ },

le = Py, @ || < [|& = Prosy @ [+ [[Prs @ |-

Let 0 = infjc 5, |7} (2)|. The again using unconditionality we derive

1Pas 1216 25l > d0(s(m)) ®

jedo\J
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Since for j € J\ J we have |’t: (z)] €68, we get

[Prae = || <40 Z zj|| < dp(m). )

j€I\Jo

From (8), (9) and (7) we get

1Prse @ || < C|[Pis z ||

SO

|z = Gsgmy+m(@)|| = llz — Pj 2 || < C(llz = Pouge z || + [ Prors 2 |]) <
< 20|z — Py z || < 2Com(z).

L]
Let & = (e;, €] )i be a biorthogonal system. The natural question rises when €7, ¢ € [ is

the unconditional system in X*. The obvious obstacle may be that such system does not
verify (4). For example the standard basis (¢;)?°, in I; cannot have its dual to be a basis in
[} = l«. since the latter is not separable. However, if we consider it as a system in
span{€; : i € I}, then it will satisfy all our assumptions and thus we denote such
system by ®*. Note that if ¢ is unconditional then so is ®*.

Theorem 4 Let & be natural biorthogonal system with unconditional constant 1. Then

M, () < 2log mM,,, (D),

form=2,3,.
Proof. Let us f1x m, k < m,and aset J C I of cardinality k. We have

1Y el >kl Y ell™

JeJ JeJ

(10)

On the other hand there exists € X with ||| = 1 such that

||ZF’ | < QZ|P (11)

jed jeJ

Let 0 : {1,..,|J|} — J be such that |z} | < [z,,| whenever k > j. From 1-

unconditionality we deduce that

|(’rr(_;} ||| ZE'U(L)” ||~L|| =1

therefore

.
S les@) <> viH) (12)

jed j=1
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Thus from (10),(11) and (12) using the fact that £~ Lis decreasing, we obtain that

k
M (D) < 2sup
( .ﬁ‘(m , =1 K(J']H Z
ki - (13)
< 2logm sup \';(J,) < 2log MM, (®).
jsm L ()’)
u

Theorems 3 and 4 are quoted from [40] but the almost the same arguments were used earlier
in [11] and [27].

3. Greedy bases

The first step to understand the idea of greedy systems in Banach spaces is to give their
characterization in terms of some basic notions. The famous result of Konyagin and
Temlyakov [26] states that being a greedy basis is equivalent to be an unconditional and
democratic basis. We start from introducing these two concepts.

The second concept we need to describe greedy bases concerns democracy. The idea is that

we expect the norm | Zl-je,f | being essentially a function of |.J| rather then from J itself.
Definition 8 A biorthogonal system @ is called democratic if there exists a constant D such that for
any two finite subsets Jy, Jo C I with |Jy| = |Ja| we have

1> el < DY el

jeq JEJ2

The smallest such constant D will be called a democratic constant of ®.

We state the main result of the section.

Theorem 5 If the natural biorthogonal system ® is greedy with the greedy constant less or equal C,
then it is unconditional with unconditional constant less or or equal C and democratic with the
democratic constant less or equal C2. Conversely if it is unconditional with constant K and
democratic with constant D, then it is greedy with greedy constant less or equal K + K3D.

Proof. Assume first that @ is greedy with the greedy constant C. Let us fix a finite
set J C I of cardinality m, z € X and a number N > sup;.;|e;|. We put y :=
z— P+ N ZIH(} Clearly 0,,(y) < ||z|| and G,,(y) = N Z:H(J Thus

||.'I,' — PJ.'II” = ||y - g,,,(y)” C(rm <

(14)

Therefore @ is unconditional according to Definition 6.

To show that @ is democratic we fix two subsets .Jy, Jo C I with |.J;| = |Ja| = m. Then
we choose a third subset J3 C I such that |J.';| =mand JiNJ; = Ei JoNJy = 0.
Defining « = (1 + ¢) Zje,h e; + ZJE.!;{ e;j we have that

(T+9) Z;:’Ch el
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and

1) il = llz = Gu(@)ll < Com(z) SCA+e) Y el

Jeds JEJ

1Dzl <CA+e)ll ) =l

JEJ2 JEJ3

Analogously we get

and the conclusion follows.
Now we will prove the converse. Fix & € X and m=0,1, 2, .... Choose ¥m = ZJEJ a;€;
with |J| = m and |z — y,.|| < o (2) + . Clearly

gm.(:f:) = Z C}(if)ﬁj = R"U‘T’.

J€Jo

for appropriate .J, C I with |.Jy| = m. We write

|z = Gm(@)|| = |z = Ppz + Pjx — Pyz|| = ||z = Prx + Py, = Pr\gzll. (15)
Using unconditionality we get
| = Pyx = Prysz|l = llz = Pruszll = [1Pruousn (@ = ym)|| < K(om(2) + £) (16)
and analogously

[P\ sz|l < K (om(z) + ).

From the definition of G,,, we infer that

a = min |zj(r)| > max |zj(z)| = f,

JeJo\J JjeJ\Jo
so from unconditionality we get
I(”PJU\Jx” 2 O"” Z 8}” (17)
Jedo\J
and
1Pl = KIS el )
JjeNNJo

Since |J\ Jy| = |Jo\J| from (17) and (18) and democracy we deduce that
IPrss|l < K2D|| Py |- (19
From (15), (16) and (19) we get (e is arbitrary)

lz — Gm(z)]| < (K + K:]D)Um(x)'
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Remark 2 The above proof is taken from [26]. However some arquments (except the proof that greedy
implies unconditional), were already in previous papers [32] and [35].

If we disregard constants Theorem 5 says that a system is greedy if and only if it is
unconditional and democratic. Note that in particular Theorem 5 implies that a greedy
system with constant 1 (i.e. 1-greedy) is 1-unconditional and 1-democratic. However this is
not the characterization of bases with greedy constant 1 (see [40]). The problem of isometric
characterization has been solved recently in [2]. To state the result we have to introduce the
so called Property (A).

Let (€;)5°, be a Schauder basis of X. Given € X, the support of x denoted supp consists of
those ¢ € N such that €] # 0. Let M(x) denote the subset of supp where the coordinates (in
absolute value) are the largest. Clearly the cardinality of M(x) is finite for all z € X. We say

that 1-1 map 7 : suppx — N is a greedy permutation of x if 7r(i) = i for all i € suppx\ M(x) and if
i € M(x) then, either (i) = i or n(i) € N \suppx. That is a greedy permutation of x puts those
coefficients of x whose absolute value is the largest in gaps of the support of x, if there are any.
If suppx # N we will put M*(z) = {j € M(z) : w(5) # j}. Finally we denote by ITg(x)
the set of all greedy permutation of x.

Definition 9 A Schauder basis (€;);° for Banach space X has property (A) if for any x € X we

have
I ei@ell =1 D expei(@esml-

iEsupp iEsuppr

for all 7w € Ig(x) and all signs (¢;)5,, (i.e.e; = £1)with e,y = 1 if i & M (x).
Note that property (A) is a weak symmetry condition for largest coefficients. We require that

there is a symmetry in the norm provided its support has some gaps. When suppx = N then

the basis does not allow any symmetry in the norm of x. The opposite case occurs when

T = ZJEJU ej and Jo is finite, then [[z| = || Z_}EJ e;|| for any J C N of cardinality
[Jo|.

Theorem 6 A basis (€;)5°, for a Banach space X is 1-greedy if and only if it is 1- unconditional and
satisfies property (A).

Another important for application result is the duality property.

Remark 3 Suppose that P is greedy basis and that (m) >~ m® with 0 < a < 1. Then ®* is also
greedy.

Proof. From Theorem 5 we know that & is unconditional, so we can renorm it to be 1-
unconditional. Also, because @ is greedy we have (m) =~ 1)(m). We repeat the proof of
Theorem 4 but in (13) we explicitly calculate as follows:

k
1 k

M, (@) < 2C sup — Z — < const,
k<m R =1 Je

so @* is greedy
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This is a special case of Theorem 5.1 from [11]. We recall that it was proved in [21] that each
unconditional basis in Ly, 1 < p <1, has a subsequence equivalent to the unit vectors basis in
I,, so for each greedy basis @ in L, we have ((®, m) ~ m!/P. Thus we get:

Corollary 1 If @ isa greedy basis in Ly, 1 <p <1, then ®* is a greedy basis in L, 1/p +1/g=1.

4. Quasi greedy bases

In this section we characterize the quasi-greedy systems. The well known result of
Wojtaszczyk [35] says quasi-greedy property is a kind of uniform boundedness principle.
Theorem 7 A natural biorthogonal system is quasi greedy if and only if there exists a constant C
such that forall x € Xandm=0,1,2, ... we have

Gm(P,2) < C|lz|.

The smallest constant C in the above theorem will be called quasi greedy constant of the system ®.
Proof. 1=2. Since the convergence is clear for x's with finite expansion in the biorthogonal
system, let us assume that x has an infinite expansion. Take Ty = zjeJ @;e; such that
| — xg|| < € where J C I is a finite set and @; # 0 for j € J. If we take m big
enough we can ensure that gm(?!? - :L‘n] = Z;e,n. E:’J‘-‘ {:r. — .rg)ej with Jp D J and
Gm(x) =3 ), €(@)e;j. Then

[ = Gm(@)I| < [l2 = zoll + l|lzo = Gm(2)[| < & + [|Gm(z0 — 2)|| < (C'+ D).

This gives 2.

2=1. Let us start with the following lemma.

Lemma 2 If 2 does not hold, then for each constant K and each finite set J C I there exist a finite
set Jo C I disjoint from ] and a vector * = Zje.fn ajejsuch that ||z|| = 1 and ||G,.(2)|| = K

for some m.
Proof. Let us fix M to be the minimum of the norms of the (linear) projections Pq(x) =
ZjESE (i;f(:ﬁ)cj where ) C J. Let us start with a vector x; such that ||z1]| = 1 and

[|Gn(21)]| = K where Ki is a big constant to be specified later. Without loss of generality
we can assume that all numbers |€T (’I' 1 )| are different. For T2 = ¥ — Z jeJ (:; (.L 1 )CJ we
have | z5]| < M + 1 and G,, (1) = Gi(x2) + Po(x,) forsome k < mand @ C J.
Thus ||Gi(z2)|| = K1 — M and for z3 = xs||zs|| =" we have ||Gy.(x3)|| = (K, — M)/(1+ M).
Let us put

0 = inf{|e] (Gr(x3))| : €} (Gr(x3)) # 0}
and take a finite set J; such that for ig]; we have |ef(x3)| < /2. Let us take 7 very small
with respect to | J1| and || and find x4 with finite expansion such that ||z5 — 24| < 7. If
1 is small enough we can modify all coefficients of x4 from J; and | so that the resulting xs
will have its k biggest coefficients the same as x3and ||z, — 25| < §. Moreover x5 will have
the form a5 =}, , €j(z5)e; with Jo finite and disjoint from J. Since
Gi(z5) = Gr(x3), for z = x|z ||~ we get ||Gi(z)|| = (K1 — M)/(c¢(1+ M)) which

can be made greater or equal K if we take K; big enough. n
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Using Lemma 2 we can apply the standard gliding hump argument to get a sequence o the
vectors Yn = ZJ&J” a;e; with sets J, disjoint and ||| = 1, a decreasing sequence of
positive numbers £, < 27" such that if €} (y,) 75 0 then [€}(y,.)| = £, and a sequence of

integers m, such that |G, (y) || = 27 HT_ ,1 €; . Now we put & 2?;1 (H_?.?_ IL £i)Un-

This series is clearly convergent in X. If we write & = Z b;e; we infer that

el

.Z

inf{[b;|: j € U Js and b; #0} > Hs; max{|b;| : j gZU J.}-

s=1 =1

This implies that for k = !_l | Ji| + mx we have
n—1 N
Ge(x) = > ([T e)wn + Gonn ([ ] e)un+1)
n<N I=1 =1
so
G x(x H e)|Gmy (yn11)|| — C = 2N — C.

1=1
Thus g,,,( ) does not converge to x
L]
One of the significant features of quasi greedy systems is that they are closely related to the
unconditionality property.
Remark 4 Each unconditional system is quasi greedy.
Proof. Note that for an unconditional system b = ((:5_, CT)?'_E_; and each x € X the series

Z«; cr1 € (z)e; converges unconditionally (we can change the order of I). In particular the

convergence holds for any finite-set approximation of I and hence & is quasi greedy.

L]
There is a result in the opposite direction, which shows that quasi-greedy bases are rather
close to unconditional systems.
Definition 10 A system ® is called unconditional for constant coefficients if there exits constants
c1> 0 and ¢ <1 such that for finite J C I and each sequence of signs (£;) je; = 1 we have

al Yoell <1 el <ell D el 20)
jed jed jeJd

Proposition 3 If (®) has a quasi-greedy constant C then it is unconditional for constant coefficients
with c;= C'and c;= C.

Proof. For a given sequence of signs (£;)jcs let us define the set Jy = {j € J : &; = 1}.
For each € > 0 and & <1 we apply Theorem 7 and we get

I el <CIY e+ Y. (A=)l

j€Jo j€Jo jed\Jo
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Since this is true for each € > 0 we easily obtain the right hand side inequality in (20). The
other inequality follows by analogous arguments.

L]
The quasi greedy bases may not have the duality property. For example for the quasi greedy
basis in 14, constructed in [12] the dual basis is not unconditional for constant coefficients
and so it is not quasi greedy. On the other hand dual of a quasi greedy system in a Hilbert
space is also quasi greedy (see Corollary 4.5 and Theorem 5.4 in [11]). Otherwise not much
has been proved for quasi greedy bases.

5. Examples of systems

In this section we discuss a lot of concrete examples of biorthogonal systems. We remark
here that all of the discussed concepts of: greedy, quasi greedy, unconditional symmetric
and democratic systems, are up to a certain extent independent of the normalization of the
system. Namely we have (cf. [40]):

Remark 51f (\;);¢; is a sequence of numbers such that

0 < inf |X\;| < sup |\i] < o0
iel iel

and ® = (x;,x}) is a system which satisfies any of the Definitions 4-8, then the system
(Xi€i, A€l )ier verifies the same definitions.

The most natural family of spaces consists of L, spaces 1 <p < o0 and some of their variations,
like rearrangement spaces. As for the systems we will be mainly interested in wavelet type
systems, especially the Haar system or similar, and trigonometric or Wlash system.

5.1 Trigonometric systems
Clearly standard basis in I, p > 1 is greedy. The straightforward generalization of such

system into L,y(R) space is the trigonometric system (\‘fjjr)_jgf_éj. Such system may be
complicated to the Walsh system in Lp(]]%d ), given by (ff"g'?‘f))_;e,?:r’ , where t € RH.
Unfortunately the trigonometric system is not quasi greedy even in L,. To show this fact we
use Proposition 3, i.e. we prove that such systems are not unconditional for constant
coefficients whenever p # 2.

Suppose that for some fixed 1 < p < o trigonometric system verifies (20). Then taking the
average over signs we get

pr N
j ” Z [,r_;n pdf ~ ” Z(J”””p

The symbol r; in the above denotes the Rademacher system. The right hand side (which is

1
the L, norm of the Dirichlet kernel) is of order N "% if p > 1 and of order logN when p = 1.
Changing the order of integration and using the Kchintchine inequality we see that the left

hand side is of order 4/ V. To decide the case p = o we recall that the well-known Rudin
Shapiro polynormals are of the form P (! E =2 7S for appropriate choice of

|| PN |ls = VN while the L., norm of the Dirichlet Kernel is clearly equal to N. This violates
(20). Those results are proved in [40], [30], [8] and [35].
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5.2 Haar systems
We first recall the definition of Haar system in L, space. The construction we describe here is
well known an we follow its presentation from [40]. We start from a simple (wavelet) function:

1 if 0<t<1/2
h(t) =4 —1 if 1/2<t<1 (21)

0 otherwise.

Clearly supph = [0,1). For pair (j, k) € Z* we define the function h(t) := h(2it - k). The
support of hjxis dyadic interval I = I(j, k) = [k27, (k+1)27]. The usual procedure is to index Haar
functions by dyadic intervals I and write h;instead of /jx. We denote by D the set of all dyadic
subintervals of R. It is a routine exercise to check that the system {hjx: (j, k) € Z2} = {h;: I € D} is
complete orthogonal system in Ly(R). Note that whenever we consider the Haar system in a
specified function space X on R we will consider the normalized system h; /|| hy|| x -

There are two common Haar systems in R*:

1. The tensorized Haar system, denoted by bf; and defined as follows: If | = [1x...x]; where
Ji ..., Ja € D, then we put hy(ty,....tq) := hs(t1)...h,(ts). One checks trivially
that the system {lj : ] € D% is a complete, orthogonal system in Lo(R%). We will

consider this system normalized in L, with 1 < p < o ie
P={HY: JE D}, where HY) = |if‘a_;{|;'h‘;‘ The main feature of the system is

that supports of the functions are dyadic parallelograms with arbitrary sides.
2. The cubic Haar system, denoted by h defined as follows: We denote by hl(t) the
functions h(t) defined in (21) and by hO(t) the function 1jo1). For fixed d =1, 2, ... let C

denotes the set of sequences & = (31, ..., 84) such that §;= 0 or 1 and Zle 6; > 0. For

deCjeZandke 7% we define a function h,jf‘ L on R4 by the formula

d
B (b1, i ta) o= 2092 T | W82z — k). (22)

i=1
Again it is a routine exercise to show that the system (f'ljr‘;‘.) where & varies over C, i
varies over Z and k varies over Z’ is a complete orthonormal system in L,(R“). As before
we consider the system normalized in L,(R?), namely h = {HP} ¢ J(a) where J (d) =
Cx7ZxZ"and for a= (§, j, k) € J (d) we have H? = ||h.u_‘3--_;..||;l h.j-_,\.. The feature of this
system is that supports of the functions are all dyadic cubes. Therefore one can restrict
the Haar system h! to the unite cube [0, 1]%. We simply consider all Haar functions
whose supports are contained in [0, 1]° plus the constant function. In this way we get

the Haar system in Lp[0, 1]

The above approach can be easily generalized to any wavelet basis. In the wavelet
construction we have a multivariate scaling function @%f) and the associated wavelet ¢ (t)
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on Ly(R). We assume that both @0 and ¢! have sufficient decay to ensure that g% ¢ € Li(R) N
Lo(R). Clearly functions 1jo1) and h(t) are the simplest example of the above setting, i.e. of
scaling and wavelet function respectively. This concept may be extended to R?, i.e we can
define a tensorized wavelet basis, though since we do not study such examples in this
chapter we refrain from detailing the construction.

5.3 Haar systems in L, spaces

Since Haar systems play important role in the greedy analysis we discuss some of their
properties. The main tool in our analysis of L, will be the Khintchine inequality which
allows to use an equivalent norm on the space.

Proposition 4 If ¢ = (e;, €] );cris an unconditional system in L, 1 < p < oo, then the expression

el (z)||ei(s)|2ds)P?)\/® (23)

!l = (/(
nel

gives an equivalent norm on L.

The above proposition fails for p = 1 but if we introduce the norm given by (23) for p =1,

then we obtain a new space denoted as Hj, in which the Haar system h} is unconditional.

The detail construction of the space may be found in [37], 7.3.

We show that one of our Haar systems h’} is greedy whereas the second one b, is not. We

sketch briefly these results. The first result was first proved in [33] but we present argument

given in [22] and [40] which is a bit easier.

Theorem 8 The Haar hY} is greedy basis in L,(R?) ford=1,2, ... and 1 < p < o. The system hiis

greedy in Hi.

Proof. The unconditionality of the Haar system is clear from Proposition 4. Therefore we

only need to prove that h’ is democratic in L,(R?) for d = 1, 2, ... (and also in Hj). Let

J C J(d) be a finite set. Note that if the cube Q is the support of the Haar function HY,

then |HE| = |Q|~ 1/ P1g. Thus, for each t € R?, the non-zero values of the Haar functlons

HP () belong to a geometric progression with ratio 2. Then we check that for a given t € R*

there are at most 2°-1 Haar functions which take a given non zero value at this point. Thus

defining 2" .= max,c | H?(t)|”, we obtain that
211’[(] e ( ZlH;p f;;
act

for some constant c¢(d) > 0. So

[ Z |Hp p,r’z ].-";; > ([2,-\!((](£f)lfp 2

aeS
> (/c(d} > " [HE(t)[Pdt) P = c(d)V/P| I[P,
aeJ

We recall that for a given t € R? there are at most 2°-1 Haar functions which have the same
non zero value at this point. Therefore, following the same geometric progression argument
we see that for each t € R? we have
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> HE() < C(d)|HE (1)

e

for some constant C(d) < 0 and «yy € J depending on t. Thus

/ ZlH 'D/zif)”'” / Z|H;J [;de_ 1/p <Cv{dr)l/le|1/p
ac.)
It shows that (I(Zn(f |HP(t)|*)/%dt)"/? is comparable with |.J|*/P, which in the view of

Proposition 4 completes the proof.
L]
The second result shows that f)?} is not greedy in L,. We recall that for as system, fj}; we have

used intervals I € D“as the indices. We first prove the following:
Proposition5Ford=1,2, ... and 1 < p < o in L,(R?) we have

l_l i 3
(5 o o)A < I ol < (el

ied fed Ied
forp <2, and
) o] ¢ l 3 j % i
O lar? < IS ashfll < (loglg D'~ #(Y lasf?) 5
e IeJ el

Proof. The right hand side inequality in (24) is easy. We simply apply the Holder inequality
with exponent % = 1 to the inside sum and we get

(Ld (Z |ﬂj’f},‘}(-ﬁ)|2JIJ.?'2(_'£)_‘)1/P = (Z |a!|p)l/p‘ -

Ied IeJ

To show the left hand side we will need the following result:
Lemma 3 For d =1 and 1 < p < oo and for any finite subset .J C D we have

2—1./;J|J7|1/p / Zlh p,’zdf Ia'p

R 1es

Proof. Let us denote 2Y(") = max;., |hy(t)[P. From the definition of the Haar system we
obtain that 2V > % Z‘,EJ [y (t)]? so

/ Z|h p;zdt 1/;) {/2‘.1 h‘ pr / Zlh ipdi lf;u_ —I/leil;p_
Rd

Ied feJ
L]
Now we fix d =1and 1< p <2 Let 0 : {1,2,...,|J|} — J be such that |as(;)| is a
decreasing sequence. Fix s such that 2° < |.J| and we put
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