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1. Introduction

Recently, numerous collaborations have been focused on biped robot walking pattern to trace
the desired paths and perform the required tasks. In the current chapter, it has been focused
on mathematical simulation of a seven link biped robot for two kinds of zero moment points
(ZMP) including the Fixed and the Moving ZMP. In this method after determination of the
breakpoints of the robot and with the aid of fitting a polynomial over the breakpoints, the
trajectory paths of the robot will be generated and calculated. After calculation of the trajectory
paths of the robot, the kinematic and dynamic parameters of the robot in Matlab environment
and with respect to powerful mathematical functions of Matlab, will be obtained. The
simulation process of the robot is included in the control process of the system. The control
process contains Adaptive Method for known systems. The detailed relations and definitions
can be found in the authors’ published article [Musavi and Bagheri, 2007]. The simulation
process will help to analyze the effects of drastic parameters of the robot over stability and
optimum generation of the joint’s driver actuator torques.

2. Kinematic of the robot

The kinematic of a seven link biped robot needs generation of trajectory paths of the robot
with respect to certain times and locations in relevant with the assumed fixed coordinate
system. In similarity of human and robot walking pattern, the process of path trajectory
generation refers to determination of gait breakpoints. The breakpoints are determined and
= calculated with respect to system identity and conditions.

+ Afterward and in order to obtain comprehensive concept of the robot walking process, the
O following parameters and definitions will be used into the simulation process:

& - Single Support phase: The robot is supported by one leg and the other is suspended in air

- Double support phase: The robot is supported by the both of its legs and the legs are in
contact with the ground simultaneously

: Total traveling time including single and double support phase times. T -
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7T.: Double support phase time which is regarded as 20% of T, -
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Source: Humanoid Robots, New Developments, Book edited by: Armando Carlos de Pina Filho
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-T, : The time which ankle joint has reached to its maximum height during walking cycle.

: Step number £ -
Ankle joint maximum height: 7 _ -

- L,,: The horizontal traveled distance between ankle joint and start point when the ankle
joint has reached to its maximum height.
Step length: p -
: Foot lift angle and contact angle with the level ground ¢4, "
- A : Surface slope
- hs : Stair level height-

- H , : Foot maximum height from stair level

- X,; : The horizontal distance between hip joint and the support foot (Fixed coordinate
system) at the start of double support phase time.
- X,;: The horizontal distance between hip joint and the support foot (Fixed coordinate

system) at the end of double support phase time.

- F. C.S: The fixed coordinate system which would be supposed on support foot in each step.
-M.C : The mass centers of the links

- Saggital plane: The plane that divides the body into right and left sections.

- Frontal plane: The plane parallel to the long axis of the body and perpendicular to the
saggital plane.

The saggital and frontal planes of the human body are shown in figure (1.1) where the
transverse plane schematic and definition have been neglected due to out of range of our
calculation domain.
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Fig. (1.1). The body configuration with respect to various surfaces.

The main role for the optimum trajectory path generation must be imagined upon hip and
ankle joints of the robot. On the other hand, with creating smooth paths of the joints and
with the aid of the breakpoints, the robot can move softly with its optimum movement
parameters such as minimum actuator torques of joints (Shank) including integrity of the
joints kinematic parameters.
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The important parameters of the robot can be assumed as the listed above and are shown in
figures (1.2) and (1.3).

Hip joint

Zy, Xy,

Fig. (1.2). The robot important parameters for calculation of trajectory path of a seven link
biped robot.

(=KT. T, t=(k+DT.

Fig. (1.3). The variables of hip: X, X,.

With respect to saggital investigation of the robot, the most affecting parameters of the
mentioned joints can be summarized as below:

1) Hip joint

2) Anklejoint
Obviously, the kinematic and dynamic attitude of shank joint will be under influence of the
both of above mentioned joints. As can be seen from figure (1.2), the horizontal and vertical
components of the joints play a great role in trajectory paths generation. This means that
timing-process and location of the joints with respect to the fixed coordinate system which
would be supposed on the support foot have considerable effects on the smooth paths and
subsequently over stability of the robot. Regarding the above expressions and conditions,
the vertical and horizontal components of the joints can be categorized and calculated as the
following procedure. With respect to the conditions of the surfaces and figure (1.2) and (1.3),
the components are classified as below:

2.1) Foot angle on horizontal surface or stair
4y 1=KT,
- t=kT +T,
b=y T
q, t=k+DT,
4y t=k+DT+T,
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2.2) Foot angle on declined surfaces
(A+q,) t=kT,

) A—q, t=kT.+T, 2
1) =
(1) A+q, t=(k+1T,

A+q, t=(k+DT +T,

2.3) The displacements of Horizontal and Vertical Foot Traveling Over Horizontal

Surface or Stair

With respect to figures (1.2) and (1.3), the horizontal and vertical components of ankle joint

can be shown as below:

Xahor

kD,
kD, +1,sing, +--
l,,(1-cosg,)

(O)=kD, + L,

l,(1—cosq,)
(k+2)D,

hgs +lan

hy+l,, sing, +/,,cosy,

Zalmr(t ) = Hao

Z stair (t) =

hge +lan

(k=Dh, +1,
(k=Dh,+1,sing, +---
lun cos qb

kh, + H |

(k+1)h, +1,sin q;+-
[, cosq,

an

(k+Dh, +1,,

(k+2)D, -1, sing, —--

hy, +l,8ing, +1,, cosg,

t=k
t=k

SN

+T;

t=kT.+T,
t=(k+DT

t=(k+ DT AT,

t=kT,
t=kT+T,
t=kT+T,
t=(k+DT,
t=(k+)T +T,
{=kT,
t=kT,+T,

t=kT, +T,
t=(k+DT,

t=(k+DT . +T,

2.4) The displacements of Horizontal and Vertical Foot Traveling Over declined Surface

X, 0 l8)=

kD cosi—I,,sind

(kD +1,)cosh+---

1,,sing, —A)—1, cosg,— )
(kD +L, )cost

((k+2)D, ~I,)cosk—-
L,sing, + A+, cosq, +2)
(k+2)D,cost—1,,sind

t=kT
t=kT +T,

t=kT +

c m

t=(k+1T

t=(k+)T +T,
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kD sinA+1, cosi t=kT
(kD +1,,)sind+-- t=kT +T,
+1,,c08, — D +1,sing, — ) %)
200 ={(kD +1,)sinA+ H,cosk  1=kT +T,
(k+2)D, —1,)sind+:-- t=(k+DT,
l,,sing, +2)+1,,cosew/2—(q, + 1))
(k+2)D,sind+[,,cosl t=(k+1T +T,

Assuming the above expressed breakpoints and also applying the following boundary
condition of the robot during walking cycle, generation of the ankle joint trajectory path can
be performed. The boundary conditions of the definite system are determined with respect
to physical and geometrical specifications during movement of the system. As can be seen
from figure (1.2) and (1.3), the linear and angular velocity of foot at the start and the end of
double support phase equal to zero:

6,(kT ) =0

{9’0((1( + )T, +T,)=0

X, (kT ,) =0

{xu((k+1)TC+Td)0 ®)
z,(kT ) =0

{Z',,((k + )T, +T,)=0

The best method for generation of path trajectories refers to mathematical interpolation. There
are several cases for obtaining the paths with respect to various conditions of the movement
such as number of breakpoints and boundary conditions of the system. Regarding the
mentioned conditions of a seven link biped robot, Spline and Vandermonde Matrix methods
seem more suitable than the other cases of interpolation process. The Vandermonde case is the
simplest method with respect to calculation process while it will include calculation errors
with increment of breakpoint numbers. The stated defect will not emerge on Spline method
and it will fit the optimum curve over the breakpoints regardless the number of points and
boundary conditions. With respect to low number of domain breakpoints and boundary
conditions of a seven link biped robot, there are no considerable differences in calculation
process of Vandermonde and Spline methods. For an example, with choosing one of the stated
methods and for relations (7) and (8), a sixth-order polynomial or third-order spline can be
fitted for generation of the vertical movement of ankle joint.

2.5) Hip Trajectory Interpolation for the Level Ground [Huang and et. Al, 2001] and
Declined Surfaces
From figures (1.2) and (1.3), the vertical and horizontal displacements of hip joint can be
written as below:
kD, +x,, t=kT,
Xppor, =3(k+ DD —x, t=kT,+T, )
" k+1D, +x,, t=(k+DT,
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(kD, +x,,)cosA t=kT,

X, pee =1 ((k+DD, —x,,)cosA t=kT +T, (10)
((k+1D)D, +x,,)cosA t=(k+DT,
hmin = ch
Zh,H()r, = Hhmax = kT‘c + '5(7—'4 - Td) (11)
Hhmin t= (k + 1)Tc
H, ..cosA -t KT,
(kD, x,)sin A
H, .cosA -t kT, ST, T,) (12)
Frbe kD x_,)sin A
H,..cosA -, t (k DT,
((k DD, x,)sinA,
(k - l)h\ +Hhmin t= kT;
thair = khv + Hh max r= kT;‘ + 5(71’ - Td) (13)
kh,+H, .. t=(k+DT,

Where, in the above expressed relations, H min and H i indicate the minimum and
maximum height of hip joint from the fixed coordinate system. Obviously and with respect
to figure (1.2), the ankle and hip joint parameters including X,,Zz, and X,,Zz, play main

role in optimum generation of the trajectory paths of the robot. With utilization of relations
(1)-(13) and using the mathematical interpolation process, the trajectory paths of the robot
will be completed.

xhip - xa,swing xa,sup - xhip

iz, —zZ
_ : : “hy a,suyj
Zhip Za,.s'win'g 5 P i

Fig. (1.4). The link's angles and configurations.

Regarding figure (1.4) and the trajectory paths generation of the robot based on four important
parameters of the system (X,,Z,and X,,, Z,, ), the first kinematic parameter of the robot can

be obtained easily. On the other hand, with utilization of inverse kinematics, the link's angle of
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the robot will be calculated with respect to the domain nonlinear mathematical equations. As
can be seen from figure (1.4), the equations can be written as below:

l,cos(m—6,)+1,cos(m—0,)=a

[ sin(r—6,)+1,sin(r—6,)=b
I, cos(8,)+1, cos(d,)=c (15)
1, sin(0,)+1, sin(0,)=d

(14)

Where,
a= 'xa,Sup - xhip

b = Zhip - Za,Sup

C=X,, —X,

a,swing

d= Zhip _Za,swing

The all of conditions and the needed factors for solving of the relations (14) and (15)
have been provided. The right hand of relations (14) and (15) are calculated from
the interpolation process. For the stated purpose and with beginning to design
program in MALAB environment and with utilization of strong commands such as
fsolve, the angles of the links are calculated numerically. In follow and using
kinematic chain of the robot links, the angular velocity and acceleration of the links
and subsequently the linear velocities and accelerations are obtained. With respect
to figure (1.5) and assuming the unit vectors parallel to the link's axis and then
calculation of the link's position vectors relative to the assumed F.C.S, the following
relations are obtained:

-
D
0
0
3
-

Fig. (1.5). The assumed unit vectors to obtain the position vectors.

Ty =1, (C0S(B,, . +q ) +sin(f, , +q,)K) (16)
7 =(l,cos(B,, +4q,)+1,cos(6, — ) (17)
+(l,, sin(@, — ) +1,sin(B,, +q,NK

7y =(l, cos(B,, +q,)+1 cos(6, — 1)
—1,,cos(m—6, +A) + (I sin(f, — 1)
+1,sin(f,, + qf) +1,,sin(r -6, + 1)K
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7y = (I, cos(f,, + q,)+ [, cos(6, - 1)
-1, cos(x -6, +1)—1 ;cos(8, — A1)
+(,sin(6, = )+, sin(B,, +4q,)
+1,sin(z — 6, + 1) -1, sin(6, — 1)K

7, =(l,cos(B,, + q,)+1 cos(6, - 4)
—1l,cos(m—6, +A)—1,cos(6, — 1)
—1.,cos(8, — AN+ (I, sin(g, — 1)
+1, sin(f,, + qf) +/,sin(r -6, + 1)
-1, sin(0, — ) -1, sin(6, — 1))K

7, = (l,cos(f,, + q,)+ I cos(6,— 1)
—l,cos(m—0,+A)—Lcos(6, - 1)

—l,c08(0, - A) =1L, .cos(w/2=A+ B, .. —a, NI
+(;sin(6, — ) +,sin(B,, + qf)

+Lsin(w — 6, + 1) —L;sin(6, — 1)

~1,sin(0, -~ A) =L, sin(x /2= A+ B, . —q,))K

P = (I, cOS(B,, + q; )+ cos@ — )
—l,cos(m—6,+A)+1, cos(z/2—-6, —A)I]
+(l sin(@, =) +1,sin(B,, +q,)

+1,sin(r -6, +A)+1,, sin(z/2-6,, —A)K

(19)

(20)

(21)

(22)

As can be seen from relations (16)-(22), the all of position vectors have been calculated with
respect to F.C.S for inserting into ZMP formula. The ZMP concept will be discussed in the
next sub-section. Now, with the aid of first and second differentiating of relation (16)-(22),
the linear velocities and accelerations of the link's mass centers can be calculated within

relations (23)-(29).

Vo = L @y (=sin(B,, . +q,)I +cos(B, +q,)K)
v, = (=@, sin(B,, +q,)—1,@,sin(6, = )]
+ (@, cos(d, — A)+1, cos(B,, +q,)NK
V, = (=l,@, sin(B,, + q/‘) —la,sin(6, - 4)
—1,0,sin(z — 6, + ) + (I, cos(6, — 1)
+1,@,cos(f,, +¢q D 1,@,cos(w —6, + 1)K

vy = (=1,6, sin(B,, + q,)— @, sin(6, — 1)

— Lo, sin(w — 0, + 1) +1 0, sin(6, — 1))]

+(l,@, cos(6, — ) + 1,0, cos(f,, + q,)

—1,o, cos(m— 6, + 1) =1 0, cos(8;, — 1)K

(23)
(24)

(25)

(26)
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v, = (L@, sin(B,, +q,)—1,@&,sin(0, — 1)
—1L,0, sin(zr — 0, + A) + [;0, sin(6; — 1) 27)
+1,,0,sin(6, — ) + (I, cos(6, — 1)
+ 1@, cos(B,,, +q,)— 1@, cos(x =0, + 1) -
Lo, cos(0, — ) — 1,0, cos(8, — 1)K
Vs = (@ sinB,, +q,) L@ sin@ — )
—La sin@—6, + ) +1,0,5in@, — 4)
+1,0,8in@, — )~ L, asin@@/2-A+ S, .. —g ) (28)
+(l,@ cos@ — ) +l,a,cos@,, +q,)
—La, cosw—6, + 1) —La,cos@, — 1)
~La,cos@, — ) +L, acos@/2— A+, .. —q,)K
Vo =y sing3,, +qf)—1154 sinf} —4)—
i, sin@—6, +)+1,,@,,sin@/ 26, ~ )] 29)
+(@f, cos@] =)+, cosB,, +q,)
1,3, co5@—0, +A) 1,05/ 2-6,,~ DK
Accordingly, the linear acceleration of the links can be calculated easily. After generation
of the robot trajectory paths with the aid of interpolation process and with utilization of
MATLAB commands, the simulation of the biped robot can be performed. Based on the
all above expressed relations and the resulted parameters and subsequently with

inserting the parameters into the program, the simulation of the robot are presented in
simulation results.

3. Dynamic of the robot

In similarity of human and the biped robots, the most important parameter of stability of
the robot refers to ZMP. The ZMP (Zero moment point) is a point on the ground whose sum
of all moments around this point is equal to zero. Totally, the ZMP mathematical
formulation can be presented as below:

> m(geosA+Z)x, — Y m(gsinA+5,)z, —Z"Iﬁ'[ (30)
=) i=

i=1

X =

zmp n

me(gcos/l-i—é[)

i=1

Where, X, and 7 are horizontal and vertical acceleration of the link's mass center with
respect to F.C.S where é[ is the angular acceleration of the links calculated from the

interpolation process. On the other hand, the stability of the robot is determined according
to attitude of ZMP. This means that if the ZMP be within the convex hull of the robot, the
stable movement of the robot will be obtained and there are no interruptions in kinematic
parameters (Velocity of the links). The convex hull can be imagined as a projection of a
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pyramid with its heads on support and swing foots and also on the hip joint. Generally, the
ZMP can be classified as the following cases:

1) Moving ZMP
2) Fixed ZMP

The moving type of the robot walking is similar to human gait. In the fixed type, the
ZMP position is restricted through the support feet or the user's selected areas.
Consequently, the significant torso's modified motion is required for stable walking of
the robot. For the explained process, the program has been designed to find target angle
of the torso for providing the fixed ZMP position automatically. In the designed

program, ¢, shows the deflection angle of the torso determined by the user or

calculated by auto detector mood of the program. Note, in the mood of auto detector,
the torso needed motion for obtaining the mentioned fixed ZMP will be extracted with
respect to the desired ranges. The desired ranges include the defined support feet area
by the users or automatically by the designed program. Note, the most affecting
parameters for obtaining the robot's stable walking are the hip's height and position. By

varying the parameters with iterative method for Xx_;, X, [Huang and et. Al, 2001] and

choosing the optimum hip height, the robot control process with respect to the torso's
modified angles and the mentioned parameters can be performed. To obtain the joint’s
actuator torques, the Lagrangian relation [Kraige, 1989] has been used at the single
support phase as below:

o (31)
7, =H(@)§+C(q,9)q+G(g,)

where, i =0,2,---6 and H,C,G are mass inertia, coriolis and gravitational matrices of the

system which can be written as following;:

_hn hy hy hy h hmhw_ _Cn G, G3 G4 Gs Gg c”_ G,
Iy by by By hs hehy, G Gy Gy Gy Gs Gg G G,
_hsl hy hy hy s hehy S |G G Gy Gy Gs Ge G G
B9, h hy by o, | C#D= G(q)=
i Ty Tz Thy Ths Myl Gy Cp G Gy Gs G Gy G4
hy hy hy hy R hehg G Gy Gy Gy Gs G G G
3 hy By by R }%6}%7_ L%1 G2 %3 %a Gos Goo Gorl 1G]

Obviously, the above expressed matrices show the double support phase of the movement
of the robot where they are used for the single support phase of the movement. On the other
hand, the relation (31) is used for the single support phase of the robot. Within the double
support phase of the robot, due to the occurrence impact between the swing leg and the
ground, the modified shape of relation (31) is used with respect to effects of the reaction
forces of the ground [Lum and et. Al. 1999 and Westervelt, 2003, and Hon and et. Al., 1978].
For the explained process and in order to obtain the single support phase equations of the
robot, the value of ¢ (as can be seen in figure (1.4)) must be put equal to zero. The

calculation process of the above mentioned matrices components contain bulk mathematical
relations. Here, for avoiding the aforesaid relations, just the simplified relations are
presented:
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h,, =[m, (I +1,1, cosg, — ) +[m, (I} +17, +1,1, cosq, — )+, cos@g, —p)++

211, cosg, —g ) Hmy (I +15 +1 +11, cos, — @)+ 1,1, cosg, —p)—L 51, coseq, +@)+---
21, c08G, =) =215 cosGy —q;) =215 cosgy =g ) [my (7 +15 +15 +1y ++--

11, cosg, —@)+1,1, cosg, —p)—1,l, cosg, —p)—1.,1, costq, + ) +2/,1, cosg, —q,)—

2l [y cosigs —q,)—21[,, cosg, —q,) —21,1; cosg; —q,) — 21, c0s@g, —q,) +21,; cosg; —q,) ]+
[m; (lf +122 +l32 +lf +lffmmg+llle cosg, —¢)+1,1, cosq, —p) =1, cosg, —p)—--

L1, c08G, = 0) =1 sind. COSO— () 2)+q 11e— Browing T 211, €08G, —q,) 21,1, cosig; —q,) —+
211, cos@q, —q,) =211 41,086, —(z/2)+ 9 foving— ﬂﬁw,.ng) =21, cosg; —q,)—

211, €086, —45) = 2] 10ine€08G — (T 2) 4 G fr1ing = Browing + 2114 €08G, —q3) ++
2Z4Z(f\‘wingcos@4 —(7/ 2)+Q_[fm:ing_ﬂfvwing)+2Z3l(f\‘wingCOS@3 —(z/ 2’)+qf\'wing_ﬂf\'wing))]+'”

[ 02+ 4+ 1], €0, — )+, €Oy~ @)+ 110,084~ p— (T D)

201, c08q, —4,) + 21 10,0, €086 G 00—, — (I 2))+2L1,,,,,008G st Gy H (/2L + 1, -+
L+1,+1+1

torso

‘oooooocc.00o.....ooooooocc0000.....ooooooocc...o.....ooooooocc...o'

hy, =[m ()] +[my (I +12 +211, cosg, —q )+ ms (17 +1; +1% +211, cosig, —q,) —-

211, cosq, —qs) =211, cosq, —g ) +[m, (I} +1 +15 + 1, + 21,1, cos@, —q,) —++*

211, coslg, —q,) 21,1 , cosq, —q,)—2L,1; coslg, —q,) =21, , coslg, —q,) + 2! ,I; coslg, —q,)) ]+
[m, (112 +122 +l32 +lf +fomng+ 211, coslg, —q,) -2, coslg; —q,)— 21,1, cosg, —q,)— -

211 fowin, gcos@l —(7/2)+ 9 foving — ﬂfmm g) —21,l; coslg, —q,)—21,1,coslg, —q,)—-

2Dl 0ing©08Gs = (1 2) +q 10— Briving) T 2131, €08G, —3) +++

2l4lcﬁwingcos@4 —(7/2)+ 9 fivwing — Blowing T 2Z3ngvw'ingcos@3 —(7/2)+ 49 fwing _ﬁ /fwing))]"‘ e

O +E+1

ctorso

[m

tor

2,1

ctorso

+21112 COS@Z _ql) +2lecmrsocos(_qtarso _ql _(7[/2))—"_ o
€08, + ¢ + (/2N + L, + 1+ 1, + 1, +1

torso

.........oooo..............oooo..............oooo..............oooo.
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h; :[1112(1622 +11,, cos(g, _%))]"‘["73(122 +lc23 +1,1, coslg, —q,)—1/ 5 coslg, —g;) -

21,1 cos(g, _%))]"‘[7’74(122 +132 +lcz4 +11, coslq, —q,)—1l;cosg, —q,)—

11, coslg, —q,)—2L,L coslg, —q,)—2L,1 , coslg, —q,) +2I [, coslqg, —q,)) ]+~

(L +1 +1; +lffmng+lll2 cos@, —q,) 1L, cosg; —q,)—11, cosg, —q,) —++-

W ing€OS@, = (21 2) + G fiping = Brining) — 2115 €08(q; —q,) — 21,1, coslg, —q,) —--

2lzlcfm.ngcos(q2 —(7/2)+ 9 foving — ﬂf.’vwing) +2/,,cosl@g, —q;)+--

2 i0ing€08Gs —(T1 2+ G i = Brivwing) T 2 0ing©08Gs —(T/ 2)+ G i = Briowingd)) 1+

[, (I3 4120+ 5 €08 =) F 1100, CO8CG 01, =G = () 2)) 4 211 1,,0,€05. 5+ 4 +(7/2))]
+ L+ L+ +1+]

Y
hy, =[m, (133 —ll5 008, —q;) =115 cosg, —q;)) I+ [m, (132 +l§4 —llycos@; —q;) =+

L1, cos@g, —q,) L1, cosq, —q,) —LL., cosq, —q,) +2L,1, cosq, =g ) +[my(I; +1; +-+
foswing_IIZS c08@; —q,) ~ 11, c08G, —q,) =1\l ,,,,,C08G, —(T/2) 4G e = Brivingd =

L1y cosgs —q,) 1,1, cosg, —q,) _lzlq/'vwmgcos@z —(7/2) +q}/.'vwing_ﬂﬁvwing) +21, cosg, —q;) +++
214lcfswmgcos@4 —(7/2)+q fswmg_ﬂfswmg)+2l3lcfsw;ngcos@3 -(7/2)+q fswmg_ﬂfswmg))]"'[ s+, + 1

.oo.oooooooooooooooootooooooooooooooooo.ooooooooooooooooo.ooooooooo.
hys =[m, (12, =11, cos(q, —q,) =Lyl c08(q, —qy) + 1,415 cOS(qy — g )]+ [ms (I3 +-+
lczfvwing _1114 Cos(q4 _ql)_lllc[vwing Cos(ql _(ﬂ-/z)-’rqﬁwing _ﬂﬁwing)_1214 COS(q4 _‘h)_

ZZZLﬁwing COS(qZ - (ﬂ./ 2) + qﬁwing - Iaﬁ)¢’ing) + 1314 COS(q4 - q3) +-
214Zc_/fvwing Cos(q4 - (ﬂ- / 2) + q_/fvwing - Igfrwing) + l3lc_/fvwing Cos(q3 - (7[/2) + q[\“wing - ﬁfvmﬂing))] + 14 + 15

“........""‘.............""‘.............““‘..............“.

hl() = [mS (lff_s'wirlg - [1Zcf_s'wirlgcos(q1 - (ﬂ./ 2) + q/’swirlg - ﬂf&wing) - IZZLjf’swingCOS(QZ - (7[/ 2) + Qj&wing - ﬁfswirlg)

+ l4lqﬁ'1vingcos@4 - (7[/ 2) + q_[vwing - IB_[Yw[ng) + l3lqﬁ'1vingcos@3 - (ﬂ-/ 2) + qﬁyw[ng - ﬂ_[vwing))]-i_ 15

........oooo.............oooo.............oooo.............oooo.....

h17 = [mmr.m (lczmr.m + lllcmrso COS(_qmmo - (7[ / 2) - ql) + 12101‘0;*:0 Cos(qmr.m + (ﬂ. / 2) + q2 ))] + Immm

‘..................................................................‘
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h,, =[m, (I, +1,1, cosq, — @) +1,1_, coslq, —q,)]+[m,(l; +1 +1,1 cos(g, —p)—-
L, c08(~q; + @) +1,1, 08(q, —q,) =115 c08(q, —q3) = 21,1, 08(q, — gy )]+ [m, (I +15 +17y +++-
L1, coslg, —p)—1l,cos(q, —p)—1 1, cos(—q, + )+, cos(q, —q,)—1,l; cosg, —q,) —
Ll ,cos(g, —q,) -2l cos(q, —q,)—21,1 , coslg, —q,)+2I I, cos(g; —q,))]+---

[m (122 +l32 +l42 +lc_2m.ng+lzle cos(q, —@)—1,/, coslg; —@p) 1,1, cos(g, —p)—--

Liswinde COS@— (71 2)+q g = B pouing) + 11 €08, —4,) =[5 cos(g; —¢,) =

11,c08(q, —G,) =1l 001, €OS@G, — (m/2)+ 9 foving —ﬂﬁ,w,.ng) =201, cos(q; —q,)—

20,1, ¢08@, = q5) =205/ 001 ©08(Gy — () 2) + G oring = Briwing) + 25314 €08(q, —q3) +-+-
214lq[vwing cos(g, —(7/2)+ 49 fovving — IB fowing) + 213[L_‘[vwing coslg; —(z/2)+ 9 fyving _ﬂ_ [vwing))]-"_ e
[ (B 2y 4 1, €OSy =911, COS( ~ 0~ (1 D)+ Ly COS(G, — )+

Il

1% ctorso

COS(_qlomo - ql - (ﬂ-/ 2)) + 212[clorso Cos(qzoma + 92 + (ﬂ./ 2))]+ 12 + 13 + 14 + 15 + 1

torso

‘oooooocc.00o.....ooooooocc0000.....ooooooocc...o.....ooooooocc...o'

hy, =[m,(L, +11,cosq, —q,)) +[m(&; +1, +11,cosq, —q,)~ L, cosq —q)—

21 cosg, —g,)+[m,(&; +L +1, +11,cosq, —q) — 1, cosg, —q,)—1[.,cosq,—q,)— -
2L cosg, —q,)—2L1 ,cosg, —q,)+2I I, cosg, —q4))]+[n15(122 +l32 +lf +lffm,mg+~ -

1, cosg, —q,)—1ll;cosq, —q,) 11, cosg, —q,) 11 i, gcosgl —(7/2)+ G foving— ﬂ/swin g) —2ll.cosg;,—q,)
—20l,cosq, —q,) —lelpfm,,.ngcos(]2 —(7/2)+ D oving— ﬁﬁw,.,,g) +21,cosq, —q;)++

214lcfw.,,‘g,cos@4 —(7/2)+ D foving— ﬂ/swin g) + 213l€fswin gcos@ —(7/2) G fing— ,@SW,h g))]+- .

[m,, (& +L,, +1],cosq, —q)+1L,, c08Cq,,.,—q —(/2)+2L1

L+L+1,+1+]

torso

Cos@tor.\'u-'qu +(7Z'/2))]+' o

torso

.o...........ooooo.............ooooo............oooooo............o.

hoy =[my (25) Hmy (15 +1% 2,1 086G, g, ) YHmy (5 +15 +12, =211, cosgy —g,)—--

2,1, cosg, —q,)+2 I cos@, —q,)) Hm, (122 +l32 +lf +Zfﬁwmg—21213 cosl, —q,)—2,1, cosq, —q,)— -
2l 1in08G =77/ 2) G frsing= Brivind T 2511 €086y —=43) +2 L 1, C08Gs (T 2)+q e Browind
2]3lzj/,'?wingCOS@3 —(n/ 2)+‘I,{wmg_ﬂfwing))]‘"[mmr(lzz +l§mrsa+2]2lz‘tnrs(JCOSQtorso+q2 +(7/2)H -
L+L+1,+1+]1,

torso

‘..................................................................‘
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by, =[my (12 ~1,1.; cos, —g ) lmy (5 +12 ~11; cosg; —q,)—,1,, cosg, —q,)+2 41y €08, —q,) -
[n15 (132 +l§ +l§/swing_1213 COSQS _qZ)_1214 COS@4 _qZ)_IZIC_fywingCOSQZ _(ﬂ./ 2)+qﬁ'wing_ﬁkw'[n tee
2]314 COS@4 _q3)+2]4quvwingcosg4 _(ﬂ-/ 2)+qﬁ§‘ving_ﬁ/§v¢'ing) +2]3lc/§v¢'ingcosg3 _(ﬂ-/ 2) +Q/§»¢'ing_ﬁ/§»¢'ing))]-'_. o

L+, +]
’......CC.......l........CC.......l........CC.......l..............'

hys=[m,( c24 —1l, o8, —q,)+1 15 cosy —q,)) Fms (lj +lq2[vwing_1214 cosg, —¢,)— -
l2lc[s‘w[ngCOSQZ _(7[/ 2) +qfswing_ﬁfswing) +l3l4 COSQ‘& _q3)+2]4lc swingcosqét _(ﬂ-/ 2) +qfs‘w[ng_ﬂfswin +--

l3quswingCOS63 _(7[/ 2) + q/swing_lﬁﬁwin‘g))]—‘r 14 +15

."‘............O""‘............O""‘............O““‘..........

h26 :[n/lS (Zc2fsw[ng_ 12lcfswingCOS@2 - (ﬂ-/ 2) +qﬁwiﬂg_ﬂﬁwing) +l4lcfswingCOSQ4 _(7[/ 2) + qfswing_ﬁfsw[ng e

l3lqﬁ%»vingC0S@3 - (ﬂ./ 2) + qﬁ%\ving_ Ist-wmg))]Jr 15

‘oooooocc.00o.....ooooooocc0000.....ooooooocc...o.....ooooooocc...o'

( 2
torso \" ctorso

h27 = [m + lZIcmrso cos(qtor.yo + (ﬂ-/ 2) + q2 )] + Itorsa

."‘............O""‘............O""‘............O““‘..........

h,, =[m, (I, =11, costq, +@)—11, cosq, —q,)—L1, cosq, —q))+[m, (I3 +12, —--

L.l coslg, —p) -1 I, cosCq, +p)—1/; coslg, —q,) -1l , coslg, —q,)—1,]; coslg, —q,) —-

L1, €08, —q,)+21,,1s cosgy —g N +[ms (I3 +13 +1y,,,— L1, cOS@s —) =+

[,l, cosg, —¢) _lq[ywln!e cosp—(7/2)+ 9 fiving _,stwzng) =15 coslg; —q,)—-

51,08, =) =1 00ing€08@) — (71 2) 4 G g = Brining) — 113 €08G5 —q,) =+

L, €08@, —qy) =Ll 00ing€OS@, —(T/ 2) +q i = Browing) T 2131, €08G, —q5) +++-

2,1 fowin, gcos@4 —(7/2)+ q foving = ,Bﬁwm g) +2L/ fowin, gcos@3 —(7/2)+ 9 foving — /5’ o g))]+ L+1,+1,

.o...........ooooo.............ooooo............oooooo............o.
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h,, =[m, (lf3 -1l cos@, —q;)—1,1 ; cos@, —q3))]+[m4(l32 +lf4 -l coslg,—q,)—

11, cos@, —q,)— L, cosq, —q,)— L1, cos@, —q,) + 2,1, cos@, —q,))+[m (5 +1; +-+
ZL,sz.,,g—lll3 cos@; —q,) — 11, c08q, =) =1/ 4,1, €08G, =T/ 2)+q ryine = Brosingd ="

L1, coslg, —q,)—1,1, cosg, —q,) —lzlcm,,.ngcos@2 —(n/2)+q fowing — ,Bﬁw,.ng) +2L.1,cosg, —q;)+-
2l 0ing08Gs =T/ 2)+q i = Broving) t 2 10ing©08Gs = T/ 2) +G 00— Browingd) 1+
L+1,+1

‘oooooocc.00o.....ooooooocc0000.....ooooooocc...o.....ooooooocc...o'

hy, =[m, (1, ~1,1; cosg, —q,)) m, (I +12, ~L1, cosg, —q,) 1,1, cos§, —q,)+2L.,l; cos, —q,)) -
[y (132 +Z§ +lffswing_1213 cosf, —q,)—1,1, cosg, _%)_lzlcfswmgcos% —(n/2)+q fsw[ng_ﬁfsw[ng) teee

2.1, cosg, —q,)+2 4lLﬁw,.ngcosq4 —(z/ 2)+qﬁ_wm o ﬁ_’ﬂ_wm é)+213lLﬁwmgcosq3 —(z/ 2)+qun o ,6_’fmn é))]+- -
+L+1, 4+

."‘............O""‘............O""‘............O““‘..........

h,, =[m3(lf3)]+[m4(l32 +lc24 +21,,1; cos(q, _Q4))]+[m5(l32 +lf +1

cfswing
214lc/.'swing COS(q4 - (7[/ 2) + qb/.'vwing - ﬁfswing) + 213 qu(vwing COS(q3 - (ﬂ./ 2) + q/‘.'ywing - ﬁfswing))]+ o
+I,+1,+1

+21,1,cosg, —q;)+-+-

.o...........ooooo.............ooooo............oooooo............o.

h, =[m4(lcz4 +1,,1; cos(g, —q4))]+[m5(lf +12

cfswing

2Z4Zc_'}ﬁ'wing COS(q4 - (7[/2) + qfswing - leswin‘g) + ISZL_'}S'wing COS(QS - (ﬂ/ 2) + q/&wing - ﬂ_ﬁ‘wing))]-i_ 14 + 15

+1L1,cos(q, —q;) +--

’..................................................................'
h36:[n15(c;smfing+l4lcﬁmfingcosq4 _(”/2)+qfswing_l[;ﬁwing)+l3lc/'swingcosq3 _(”/2)+qf&'wing_l[;fswing))]+[5
.ooooooo-ooooooooooooooooo.ooooooooooooooooo.ooooooooooooooooo-oooo.

h,, =0

.o...........ooooo.............ooooo............oooooo............o.
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h,, =lm, (%, 1,1, costq, +@) 1L, cosg, —q,)—L1, cosg, —q,)+1 I cosg, —q,))}+ -

(5 41 gL, €OSGy =)~ gy, OO~ 2+ 1= Brind — il €OSGy =) -

N/ Cﬁ§w,ingcosql —(7/2) G foing— ﬂfswmg) -1, cosq, —q,)—1/ fonin€OSEs —(7/2) G fing— /Zﬁwm e
L, €086, =45) + 21 1in €086, —(T/ 2+ G i Brovind T inninOSC =0/ 2+ G ging= Brinind F
1, +1

‘..................................................................‘

2

by, =[m, (I, =1, 086G, —q,) L1, c08G, —4,) 14l cosy —q,) - my(l + fwing "

L1, c08G, =) =1 008G —(T/2) 4G i Briowind — 114 €084, —Gy) =+

Ll o gcosqz —(7/2) 4 frving— ﬂﬁwm g) +1,, cosq, —q;)+2,1 o gcosq4 —(7/2) +4 frving— ﬁ"m,,." g) e
L in€08Gs —(/ 2) G ysing— Browind) H Ly +1s

‘oooooooc.00o.....oooo0oooc0000.....oooo0oooc...o.....ooooooooc...o'

h,; =[m, (134 —l)l 4 08, —q,)+1 415 cos —q,)) H[ms (lj +lc2fswmg_lzl4 cos, —¢,) =+

lZIQfswingCOSQZ _(ﬂ-/ 2’) +QAw1fing_ﬂﬁvving) +l3l4 COSQ4 _(’IS ) + 2l4lc[s'w[ngCOSQ4 _(7[/ 2) +qfsw[ng_ﬁfswing) e

ZSILfswingCOSQS _(7[/ 2) + q/&wing_lgﬁ‘winé))]—"_ [4 +IS

."‘............O""‘............O""‘............O““‘..........

h,, =[m, (134 +1.,15 co8(g; —q,))]+[ms (lj + lffswin‘g =11, cos(g, —q,) + 11, coslg, —q;) +--
2l4lq/'ﬂving cos(q4 - (ﬂ./ 2’) + q»/.'mr'ing - ﬂﬁ%m%ing) + Z3lq[vwing cos(q3 - (7[/2) + qﬁwing - IB/.'swing))]+ 14 + 15

‘..................................................................’
h45 :[m4 (134)]4‘["’15 (lj +lL_‘2/Swing +2l4lc/§wing COS(q4 _(”/2)+qfswmg _ﬂ_/&an ))]+I4 +15
@cccccccccccccccccccscccsccccscscscscsccccscccscsccscccccccccccccccc@

h46 :[mS (lc_zfswing +Z4lc‘fswing COS(q4 _(7[/2)+Qﬁwing _ﬂfvwing ))]+15
‘..................................................................‘

h,, =0

.o...........ooooo.............ooooo............oooooo............o.
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h51 = [mS (Iczfswing_ lcﬁ\'win!e COS@_ (ﬂ-/ 2) + qﬁkmving_lg,fswing) - ll Zcfswingcosql - (ﬂ./ 2) + qfswing_ ﬁf.‘vwing) -
ZZZCfswingCOSQ2 - (ﬂ-/ 2) + quwing_ Ivawing) + Z4lcfswingCOSQ4 - (ﬂ./ 2) + qﬁkmving_ Ivawing) e

ZSILﬁwingCOS@S _(ﬂ-/ 2) + qﬂ‘ving_ﬁﬁwing))]+ IS

‘oooooooc.00o.....oooo0oooc0000.....oooo0oooc...o.....ooooooooc...o'

h52 = [’nS (lfjswing_ lllc/&wingcosql - (7[/ 2) + qﬁwing_ ﬂjswing) _IZIcf&w'ingCOSQZ - (ﬂ-/ 2) + q/&wing_ ﬁj@vwm +-

Z4lcfswingCOSQ4 - (ﬂ-/ 2) + quwing_ﬂfswing) + I3lcjf.'¢wingCOSQ3 - (ﬂ./ 2) + qﬁkmving_ ﬂfywing)]—’_ IS

‘..................................................................‘

h53 = [mS (l(_?[f\'wing - IZZcf\'wing COS(qZ - (7[/2) + qf\'wing - ﬂf\'wing) +---

l4lcfswing COS(q4 - (7[/2) + q_fj'wing - ﬂfswing) + l3lcf5wing COS(qS - (ﬂ- / 2) + qf&wing - ﬂ_/‘j‘wing ))] + IS

.o...........ooooo.............ooooo.............ooooo..............

h54 = [n% (lqu’swfing+l4lcf’swfingCOSQ4 _(ﬂ-/ 2) +qfswing_18_/'swin9 +l3lq/&L1!ingCOSQ3 _(7[/ 2) +Q/&w'ing_lgfimfin9)]+]5

‘oooooooc.00o.....oooo0oooc0000.....oooo0oooc...o.....ooooooooc...o'

h55 :[m5 (lffkwing +l4lvf.§wing COS(q4 _(ﬂ/2)+q/{vwing _ﬂjswing ))]+[5
’..................................................................'

hyo =[my (L) + 1

cfswing

.o...........ooooo.............ooooo.............ooooo..............

h57:0

‘oooooooc.00o.....oooo0oooc0000.....oooo0oooc...o.....ooooooooc...o'

h6l = [maSStO}"SO(ltir + leltor COS(_qmrso - (7[ / 2) - ¢) + llllor COS(_qtorso - (ﬂ’- / 2) - QI) t+--
l2ltor Cos(qtorsa + (7[ / 2) + qz ))] + I

torso

.o...........ooooo.............ooooo.............ooooo..............
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